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FIGURE 4 Bands represent the observed moored and floating spectra (Left, see Table 1) 
and towed spectra (Right, see Table 2).  Dotted bands are presumably not subject to fine- 
structure noise. Curves are the derived relations (6.20,21). 

We also show comparable spectra based on measurements of vertical 
flow? from neutrally buoyant floats (Voorhis, 1968). The “floating spectra” 
cut off sharply above their respective local Vaisala frequencies. 

t Voorhis plots the spectrum of potential energy, &I) = f b ( 2 a f i ) * k ( o ) ,  in units of 
ergs cm-3/cph. Thus 8 = 2(27ri)-’ P (cm/sec)2/cph = 2(27ri)-’ (36)’P (m/h)2/cph, and 
2- l f U  = 4 ~ ~ 4 0 ’  +o,’)(o’ - C O ~ ’ ) - ’ ~ ~  = 2(36)’(w2 +o~’)(o’-~~~)-’~-’~~~, with5 incph. 
This relates the ordinatej of Voorhis’ Figure 5 with r?-’& of Figure. 4. 

+Pinkel 75

has lower amplitude with little change in spectral slope at
high frequency (Figure 5). We anticipate results presented
below by stating here that annual average spectral levels at
Site D tend to be larger than those at other places, and thus,
being a fit to wintertime conditions, the Garrett and Munk
model is a poor description of the background internal
wavefield in much of the world ocean.
[54] Despite the vertical spectrum being defined using

data obtained elsewhere, recent vertical profile data data
from Site D are remarkably consistent with the GM76 model
(1/(m*

2 + m2)) (Figure 6). Wintertime conditions exhibit both
enhanced spectral levels (amplitude factors of 2.75 versus
1.75) and relatively more variance at low modes ( j* = 4–5
versus j* = 10) than summertime data. Wintertime conditions
also exhibit larger ratios of kinetic to potential energy at high
wavenumber, implying an increased input of near‐inertial
energy during wintertime and relaxation to higher frequencies.
3.3.2. The Sargasso Sea
[55] A large number of experiments have been located in

the Sargasso Sea over the Hatteras Abyssal Plain. On the
southern side of the Gulf Stream, this region exhibits an
energetic eddy field having significant north‐south gra-
dients. Eddy energy levels are typically less than noted at
Site D. A tidal (M2) peak is apparent in the temperature and
velocity spectra. Müller et al. [1978] find that fluctuations at

this frequency have larger characteristic vertical scales than
the internal wave continuum, and there is evidence of sim-
ilar features at the first several harmonics. From current
meter data at 28°N, 70°W, Noble [1975] and Hendry [1977]
estimate net fluxes at M2 to be to the southeast and infer the
source to be the Blake Escarpment, near the western bound-
ary. Alford and Zhao [2007], on the other hand, document net
semidiurnal fluxes to the north‐northwest (at 31°N, 69° 30′W)
and southwest (at 34°N, 70°W).
[56] The bottom near midbasin is well sedimented and

smooth at 28°N, 70°W, the locus of the Mid‐Ocean
Dynamics Experiment and the Internal Wave Experiment.
Rougher topography is noted to the east. (One also finds
mud waves. Mud waves are sedimentary features of 1–10 km
horizontal wavelength having amplitudes of tens to hundreds
of meters. These horizontal scales are appropriate for the
generation of freely propagating internal lee waves (with
Eulerian frequency s = 0) if the intrinsic frequency w = s −
p · u lies between the Coriolis and buoyancy frequencies:
f ≤ p · u ≤ N. Significant coupling between the “mean”
and internal wavefield is anticipated at mean flow rates of
0.1–0.2 m s−1. Sediment transport is an issue at such flow
rates and the possibility exists that the lee wave velocity
perturbations affect the deposition and erosion process so as
to reinforce the mud waves [Blumsack, 1993]. But this gets

Figure 2. Site D frequency spectra of horizontal kinetic energy (blue lines). These are the Site D data
that appeared in the original GM72 paper. Black curves represent fits of (21) with r = 2. The thick vertical
lines represent the buoyancy frequency cutoff. The spectra have been offset by 1 decade for clarity.

Polzin and Lvov: REGIONAL CHARACTERIZATIONS RG4003RG4003

9 of 61

Frequency spectra

3.3.2.4. FASINEX: m−2.3 and s−1.85

[70] The Frontal Air‐Sea Interaction Experiment (FASINEX)
was designed to investigate the response of the upper ocean
to atmospheric forcing in the presence of oceanic fronts. An
array of surface and subsurface moorings with vector‐mea-
suring current meters (VMCMs), VACMs, and profiling

current meters was deployed in the subtropical convergence
zone of the northwest Atlantic (approximately 27°N, 70°W)
from January to June of 1986 [Weller, 1991; Eriksen et al.,
1991]. The moored data in this study are taken from a
long‐term, subsurface mooring at 28°N. These data docu-
ment an annual cycle in internal wave energy that is sub-

Figure 7. IWEX frequency spectra of horizontal kinetic energy and potential energy (blue and green
lines). Black curves represent fits of (21) with r = 1.75. The thick vertical line represents the buoy-
ancy frequency cutoff.

Figure 8. LOTUS time series of high‐frequency energy from 325 (year 1) and 350 (year 2) m water
depth. This depth range is occupied by 18 Degree Water and represents a local minimum in the stratifi-
cation rate. Mixed layer depths were observed to be smaller than 300 m over the duration of the data set.
The solid blue line represents 10 times the high‐frequency energy. The dashed red line represents the
entire internal wave band energy estimate. The horizontal lines indicate the time periods over which spec-
tra were averaged into bins of high‐ and low‐energy states in Figure 9.
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stantially reduced from the LOTUS time series 500 km north
(Figure 10). Frequency spectra (Figure 11) at depths of 556
and 631 m are defined by a power law s−r of r = 1.85 and
amplitudes significantly smaller than the GM model.
[71] Vertical profiles of horizontal velocity and density

were obtained during February–March using the high‐
resolution profiler (HRP) [Polzin et al., 1996]. The vertical
profiles, obtained primarily 1° north of the moored array as
part of a spatial survey, revealed a complex pattern of var-
iability associated with the frontal velocity structure in the
upper 250 m. Here we report results concerning data from
depths of 250–1000 m. Those data are fit with a spectrum
having an asymptotic roll‐off of m−2.3 (Figure 12).
[72] Weller et al. [1991a] document a slight excess of

clockwise phase rotation with depth over counterclockwise
shear variance, a signature of excess downward propagating
near‐inertial energy. The quoted power law in the vertical
wavenumber domain is at a depth for which N2 varies by
less than a factor of 2, so that biases associated with linear
wave propagation in nonuniform N are likely small. The
instrument does not, however, return robust velocity estimates
at large vertical scales, and hence, diagnosing interactions
with the thermocline‐scale geostrophic shear is problematic.
3.3.3. The Western Tropical Atlantic: Salt Finger
Tracer Release Experiment and PolyMode IIIc—m−2.4

and s−1.9

[73] Extant frequency domain data from thermocline
regions in the western tropical Atlantic are limited to those
obtained as part of the PolyMode program. The motivation
for PolyMode Array III was exploration of low‐frequency
variability in what were perceived as dynamically distinct
regions of the North Atlantic. Cluster IIIc was placed in the

eastward flowing North Equatorial Current with the intent of
examining the low‐frequency variability for characteristics
of eddy generation by baroclinic instability [Keffer, 1983].
The cluster is situated over the northwestern extension of the
Demerara Abyssal Plain. Locally, the bottom is well sedi-
mented and relatively flat, though rough topography lies
immediately to the east. Data presented here are an average
of the three southeastern moorings (80, 81, and 82).
[74] Frequency spectra (Figure 13) roll off less steeply

than s−2. The simple power law characterization (19) over-
estimates the observed spectral density at frequencies smaller
than semidiurnal. An annual cycle in either high‐frequency or
internal wave band energy is not apparent in the time series
(Figure 14).
[75] Vertical profile (HRP) data used here were obtained

during November 2001 as part of a sampling survey for the
Salt Finger Tracer Release Experiment. Warm, high‐salinity
Subtropical Underwater overlies cooler, fresher Antarctic
Intermediate Water [Schmitt et al., 2005]. The situation is
unstable to the salt‐fingering form of double diffusive
instability, and a staircase layering of the temperature,
salinity, and density profiles is present over much of the
region. The profiles examined here were collected between
(14°N–16°N, 50°W–57°W) on the northern edge of the sur-
vey region.
[76] Vertical wavenumber Ek spectra (Figure 15) roll off

more steeply than m−2 at high wavenumber. The spectra are
anomalous in that potential energy estimates exceed kinetic
energy at high wavenumber, a pattern that we attribute to the
staircase features. The parametric fit (18) produces a low‐
wavenumber roll‐off equivalent to mode 14. Estimates of
Ep dominate Ek at low wavenumber.

Figure 9. LOTUS frequency spectra of horizontal kinetic energy and potential energy (blue and green
lines) for the high‐ and low‐energy states depicted in Figure 8. Black curves represent fits of (21) with
r = 1.75 and r = 1.85. The thick vertical line represents the buoyancy frequency cutoff. Temporal
variability is dominated by variability in the overall amplitude of the spectra rather than the shape
(power law).
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10-1 1 

Vertical Wavenumber (cpm) 

FIG. 5. Shear spectra scaled in the vertical by I/E1JV2 and in the horizontal by £" and then 
divided by a factor of 2. The thick data line represents TOPO_DEEP data above 2000 db, the 
short-dashed curve WRINCLE data, the thin line TOPO_F data, and the long-dashed curve NA TRE 
data from 500 to 2000 m. The solid straight line represents the GM76 spectrum out to 0.1 cpm, 
then falls as m-1• The m- 1 regime has been extended to lower wavenumber for comparison purposes. 
Two-piece band averaging has been employed for the NA TRE spectra. 

spectra, the low wavenumber slope p was estimated from 
linear least-squares fits to the spectral density estimates 
at wavenumbers smaller than me. The ensemble of in-
ferred diffusivity estimates scaled by Ef (the MM and 
HWF scaling) exhibits no dependence on p (Fig. 9). In 
particular, the HWF and MM model predictions of dis-
sipation varying as p + 1 for p < 0 and independent of 
p for p > 0 is not supported by these data. Based on these 
results, we suggest that dissipation rates and, in tum, the 
net internal wave flux of energy through vertical wave-
number space, are not overly sensitive to spectral slope 

0 ..... ....., 12.0 "' 0:: 
a 
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rn I 
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..c: 
rn 
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FIG. 6. The integrated shear/strain ratio vs cumulative shear vari-
ance. The thick solid line represents the TOPO_Deep data (100-
2000 m); the dashed line indicates WRINCLE; the dot-dashed line 
denotes NATRE (500-2000 m); and the thin solid line is TOPO_F 
(700-1300 m). 

when the spectral levels are estimated in the manner em-
ployed here ( 13). This does not imply that the dynamics 
of internal wave-wave interactions is independent ofthe 
spectral slope. Theoretical reexamination of this issue is 
clearly called for: these data cannot distinguish which of 
the particular model assumptions used to derive the scal-
ing result breaks down. 

In contrast, a consistent trend was observed between 
KP/ Ef and Rw (Fig. 10). Theoretically this association 
is expected as R., is related to the MM and HWF fre-
quency corrections ( 11) and ( 12). For a given finescale 
shear spectral level, greater dissipations are observed 
in wave fields characterized by higher average wave 
frequency (smaller R.,). The full HWF and MM pa-
rameterizations for these data including our estimates 
of the frequency corrections are presented in Figs. 11 
and 12. The following expressions are tested: 

(w)GM (w)GM= 141 
f ' f . 

(HWF) 

I( w2 _ 12 )112) (N)/ (N.) X\ N 2 _ w 2 cosh- 1 J cosh- 1 foo , 
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Fig. 3a. Vertical wave number spectra of the temperature gra- 
dient for two stations in the North Pacific [from Gregg, 1977]. 

and the approximate scales of the contaminations. 
Current and temperature fine structure are 
two-dimensional fields with vertical coherence scales 
smaller than about 10 m and horizontal coherence scales 
larger than a few hundred meters. The current noise is a 
three-dimensional field with vertical and horizontal coher- 
ence scales smaller than about 10m. The further 
kinematical properties of the Contaminations were not 
analyzed. 

Other experiments yielded similar results. From a 
microstructure sensing array, Eriksen [1978] found that 
the current shear and density gradient over a 7-m vertical 
scale are dominated by current and density fine structure. 
More recently, Pinkel [1985] found from the analysis of 
conductivity, temperature, and depth and Doppler sonar 
data that a significant part of the current shear is concen- 
trated at high frequencies and inconsistent with linear 
internal wave motion. 

Note that the IWEX experiment determined lower 
bounds for the amount of non-internal wave motion. 
The analysis determined the fraction of the observed 
fluctuations that is consistent with linear internal wave 
motion. If a single time series, say of vertical displace- 
ment, is considered, all variance between f and N is con- 
sistent with linear internal wave motion. If a current time 
series from the same location is added linear internal wave 
theory requires a certain frequency-dependent ratio of 
potential to kinetic energy [Fofonoff, 1969]. The observed 
deviation from this ratio is a measure of how much energy 
is inconsistent with linear internal wave motion. As more 
and more instruments at other locations are added, more 
and more of the observed variance might turn out to be 
inconsistent with linear internal waves. An experiment 
with an accuracy and resolution larger than that of the 
IWEX experiment might, therefore, give even larger con- 
taminations. 

Temperature fine structure is generally viewed as either 
being part of the irreversible background stratification or 
being due to the nonlinear straining of a smooth density 
profile by internal waves [Desaubies and Gregg, 1981]. 
The fine structure induced by linear straining appears as 
an internal wave contribution in the IWEX decomposition. 
The analysis of Desaubies and Gregg, [ 1981 ] and Johnson et 
al. [1978] suggests that most of the density variance at 
vertical scales larger than a few meters is due to straining, 
linear and nonlinear. Current fine structure is often 
viewed as low--frequency internal wave motion that has 
small vertical scales or appears to have small vertical scales 
because of the fine structure in the density profile. P. 
Milllet (unpublished manuscript, 1985) argues, however, 
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Fig. 3b. Composite vertical wave number spectra of the vertical shear measured by the three different profilers in 
four locations in the northwest Atlantic [from Gatgert et aL, 1981]. 
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Fig. 3a. Vertical wave number spectra of the temperature gra- 
dient for two stations in the North Pacific [from Gregg, 1977]. 

and the approximate scales of the contaminations. 
Current and temperature fine structure are 
two-dimensional fields with vertical coherence scales 
smaller than about 10 m and horizontal coherence scales 
larger than a few hundred meters. The current noise is a 
three-dimensional field with vertical and horizontal coher- 
ence scales smaller than about 10m. The further 
kinematical properties of the Contaminations were not 
analyzed. 

Other experiments yielded similar results. From a 
microstructure sensing array, Eriksen [1978] found that 
the current shear and density gradient over a 7-m vertical 
scale are dominated by current and density fine structure. 
More recently, Pinkel [1985] found from the analysis of 
conductivity, temperature, and depth and Doppler sonar 
data that a significant part of the current shear is concen- 
trated at high frequencies and inconsistent with linear 
internal wave motion. 

Note that the IWEX experiment determined lower 
bounds for the amount of non-internal wave motion. 
The analysis determined the fraction of the observed 
fluctuations that is consistent with linear internal wave 
motion. If a single time series, say of vertical displace- 
ment, is considered, all variance between f and N is con- 
sistent with linear internal wave motion. If a current time 
series from the same location is added linear internal wave 
theory requires a certain frequency-dependent ratio of 
potential to kinetic energy [Fofonoff, 1969]. The observed 
deviation from this ratio is a measure of how much energy 
is inconsistent with linear internal wave motion. As more 
and more instruments at other locations are added, more 
and more of the observed variance might turn out to be 
inconsistent with linear internal waves. An experiment 
with an accuracy and resolution larger than that of the 
IWEX experiment might, therefore, give even larger con- 
taminations. 

Temperature fine structure is generally viewed as either 
being part of the irreversible background stratification or 
being due to the nonlinear straining of a smooth density 
profile by internal waves [Desaubies and Gregg, 1981]. 
The fine structure induced by linear straining appears as 
an internal wave contribution in the IWEX decomposition. 
The analysis of Desaubies and Gregg, [ 1981 ] and Johnson et 
al. [1978] suggests that most of the density variance at 
vertical scales larger than a few meters is due to straining, 
linear and nonlinear. Current fine structure is often 
viewed as low--frequency internal wave motion that has 
small vertical scales or appears to have small vertical scales 
because of the fine structure in the density profile. P. 
Milllet (unpublished manuscript, 1985) argues, however, 
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Fig. 3b. Composite vertical wave number spectra of the vertical shear measured by the three different profilers in 
four locations in the northwest Atlantic [from Gatgert et aL, 1981]. 
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What might be producing a consistent broad-band spectrum? 





A little intuition building for wave-wave interactions. 



middle). Physically, significant energy transfer occurs
whenever the tidal velocity is convergent. When the
subharmonic velocity is northward, advection of north-
ward velocity from the tide adds to the northward flow.
One tidal period later the subharmonic velocity is
southward, and advection of convergent tidal velocity
accelerates southward subharmonic flow. In this scenario,
vertical motions and restoring forces due to buoyancy play
no role.
[16] Once a steady state is reached, energy transfer from

the sum of (2) and the similar term [u sub vsub dUtide/dy] is
balanced by local dissipation and divergence of the south-
ward near-inertial energy flux (Figure 2, bottom). In the
regions of strongest instability growth (near the critical
latitude and either the surface or bottom), the energy
transfer rate is approximately 2 ! 10"8 W kg"1. The
characteristic rate of energy transfer in these regions is
consistent in magnitude with a simple dimensional scaling
of the relevant nonlinear term,

1

ttransfer
# 1

Esub

@Esub

@t
$ jVtidej jltidej % 10 days"1; ð3Þ

where Vtide and ltide are characteristic velocity magnitudes
and northward wavenumbers of the mode-one tide.
[17] Note that this time scale (ttransfer) characterizes the

rate at which energy is transferred from motions at M2 to
those at M2/2 once the flow becomes approximately steady.
This is not equal to the time it takes for the instabilities to
grow to finite amplitude. As for many idealized studies of
instabilities, this second time scale depends sensitively on
the energy level and spectral content of the initial perturba-
tions to the background flow.

4.2. Catastrophic Latitudes

[18] The localization of instability growth at 28.9! is
related to the fact that subharmonic motions at this latitude
are near-inertial, with vanishing vertical velocities and

Figure 2. Top panel: bandpassed time series at a particular
point in space near 28.9!N of the northward subharmonic
velocity (black, left axis) and meridional gradient of
northward tidal velocity (red, right axis). Middle panel:
subharmonic energy gain through horizontal advection of
tidal velocity gradients from term (2), blue, and the similar
term "u sub vsub dUtide/dy, green. Bottom panel: a compar-
ison of energy tendency terms averaged over all depths from
28.3 to 29.4!N - the sum of the two energy transfer terms
from the panel above (red), dissipation rate (blue),
divergence of meridional subharmonic energy flux (green),
and the sum of these terms (black).

Figure 1. a) Snapshot of northward horizontal velocity (v) after the simulation has reached near steady-state; b)
dissipation rate; c) energy spectral density as a function of frequency and latitude. Note that the low-latitude forcing region
and high-latitude sponge layers are outside of the domain range shown.
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PSI, an extreme example



Farfield III: Catastrophe Dynamics

Consider interaction between an internal (tidal) wave and
near-inertial (subharmonic) motions

v = vsubharmonic +Vtide

Growth of subharmonic instability
dv

dt
= �v ·∇V ...

dV/dy <0

v < 0 :  advection of southward tidal 
            velocity  adds to southward 
            inertial flow

v > 0 :  advection of northward tidal
             velocity  adds to northward 
             inertial flow
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PSI, an extreme example, but useful for gaining physical intuition



Propagating low-mode internal tide
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Where does the low-mode internal tide break?

Baroclinic M     tidal amplitude  [ Kantha and Tierney 97]2
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spanning lc using HDSS and CTD. Each consisted of a 30-
hour time series of full-depth lowered ADCP/CTD stations
every 3 h, and a 4-day time series with a fast CTD system
that measured T, S and density to 1000 m every ten minutes.

3. Results
3.1. Internal Tide Propagation

[9] Time-mean semidiurnal energy flux at each mooring
(Figure 1) is along the beam, with the exception of MP4,
which is influenced by higher-mode motions presumably
emanating from the nearby seamounts to the west. Flux
magnitude is 4 kWm!1 at the southern end of the line, in
good agreement with modeled values (yellow). At the
northern end (MP6), the mean is about 1 kWm!1. Hence,

though the decrease is not monotonic, measured fluxes do
decay noticeably over our 1400-km line. Altimetric fluxes
(RC01; black arrows in Figure 1) are everywhere at least 3–
4 times weaker than the modeled and measured fluxes and
are nearly zero by the northern end of the line. (As will be
reported elsewhere, altimetric fluxes are lower owing to a
combination of smoothing in space and harmonic fitting in
time.)
[10] Complementing the spatially discrete moored

records, clear spatial snapshots of the internal tide were
obtained by measuring upper-ocean velocity from the
southward transits (Figure 1, left; white). Consider a free
mode-1 internal tide propagating north near 30!N at the
theoretical phase speed of "4 ms!1, sampled by a ship
steaming northward and southward at the same speed. Since

Figure 1. (left) Bathymetry (colors; axis at lower right), measurement locations (black, moorings; blue, shipboard time
series; white, ship track), and internal-tide energy fluxes (yellow, PEZHAT numerical model, courtesy of E. Zaron; black,
altimetry from RC01 provided by R. Ray; red, moorings). Note the model’s domain ends at 32!N. Reference arrows are at
upper left; the critical latitude, 28.8!N, is indicated with a dotted line. Gray curves enclose the most likely 50% of observed
flux values. Owing to instrument difficulties at MP4 and MP5, mean flux is computed over 23 and 5 days at these sites,
respectively. (right) Raw (blue) and highpass-filtered (red) meridional velocity averaged from 0–1000 m depth on a
southward transit at yearday 114. SSHA from TOPEX/POSEIDON track 249 (plotted at Figure 1, left; black) is over-
plotted in the ship reference frame (black; see text). The axis limits for SSHA and hVi (shown below) are equal for a mode-1
free wave.
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Internal Waves Across the Pacific

The Real world

is vertically advected by predominantly semidiurnal iso-
pycnal displacements (black lines). Shear at all stations
decreases in amplitude and increases in vertical scale with
increasing depth, as a consequence of refraction from
stratification differences, as typically seen. However, while
the northern and southern stations exhibit classic upward
phase propagation, consistent with generation at the surface
by wind, shear at lc is dominated by inertially rotating
motions of several hundred meters’ vertical scale that do not
appear to cross isopycnals. Shear at lc is enhanced between
400–700 m relative to the other sites (inverse 16-meter
Richardson number Ri16

!1 " 0.7). The elevated shear and
absence of vertical propagation are consistent with inertial
waves generated by PSI of the internal tide (MW05).
[15] Greater temporal context is offered in Figure 2c,

which shows meridional shear over 50 days at MP3. A rich,
variable shear field is seen, with a distinction between
the strong non-propagating shear periods exemplified in
Figure 3b (rectangle), and weaker periods (e.g. yeardays
152–156, 700–900 m) characterized by downward propa-
gation of energy. The loose tendency of the periods of
strong non-propagating shear to closely follow spring tide
by lags of a few days (consistent with expected growth rates
for PSI [MW05; Young and Tsang, 2007]) is further
evidence for their tidal origin.

3.2.2. Latitudinal Dependence of Inertial Energy
[16] The observed meridional distribution of near-inertial

energy strongly argues for PSI generation at the critical
latitude. Near-inertial waves (either wind or PSI generated)
are near the lower limit of the internal wave frequency band
and hence must propagate equatorward. Wind generated
waves are constrained to propagate downward, but PSI
waves generated in the fluid interior may propagate either
upwards or downwards as they head equatorward. Hence,
near-inertial energy equatorward of lc would be expected to
(1) be enhanced and (2) show more isotropy between
upward and downward motions than at higher latitude.
[17] To test this notion, each velocity profile from the

latitudinal shipboard transits and all moorings was first
demeaned and detrended in depth to emphasize near-inertial
(short-wavelength) rather than tidal and mesoscale features.
Then, counterclockwise and clockwise components with
depth (representing, for linear internal waves, upward and
downward energy propagation, respectively) were computed
as the positive/negative Fourier components. North of lc,
downgoing energy (Figure 4a, blue) exceeds upgoing
energy (red), particularly in several near-inertial events, as
often observed [Leaman and Sanford, 1976; D’Asaro and
Perkins, 1984]. South of lc, both up and down energy
increase by a factor of 2–3, while the up/down anisotropy

Figure 3. Time series of meridional shear (colors; scale at lower left) and isopycnal depth (black; plotted every 50 m) at
(a) 30.5!, (b) lc = 28.8!, and (c) 26.5! (see Figure 1 for locations). Each is 5.25 days long and plotted versus elapsed time.
Smoother isopycnal displacements for the first (Figure 3a) or last 1.25 days (Figures 3b and 3c) of each time series are from
the more coarsely sampled LADCP/CTD. Dashed lines indicate successive inertial periods at each latitude.
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catastrophic way predicted by MW. Hazewinkel and
Winters (2011) argue that the time scales for PSI growth
are not much faster than the spring-neap cycle, so that
truly catastrophic growth effectively cannot occur in
any given spring tide. Based upon the results presented
here, we believe that explanation is probably supple-
mented by the reasoning that 1) it is not mode-1 but
closer to mode-3 internal tides that dominate energy
transfer through PSI at this location, 2) these waves
have geographically complex flux patterns that are
likely to change with the evolving mesoscale as waves
refract, and 3) time scales for PSI growth (2–5 days
from these estimates) are comparable to typical syn-
optic time scales of mesosclale evolution. Truly cat-
astrophic PSI growth simply does not have time to
take hold. Further numerical simulations with more
complex internal tide forcing, or observational studies
in a location with a simpler internal tide, may provide
further insight.

Jochum (2009) argues that even a moderate elevation
associated with PSI at some latitudes may be an impor-
tant mixing pattern to include in global models. Never-
theless, our results argue that the majority of internal tide
energy escapes to dissipate in distant graveyards, the
search for which is still ongoing.

Acknowledgments. This work was sponsored by NSF
OCE 04-25283. We thank the tireless captain and crew
of the R/V Revelle, for making our two months at sea
productive and enjoyable. Eric Boget and Andrew
Cookson played an essential role in the design, con-
struction, deployment and recovery of the moorings.
Tom Peacock, Paula Echeverri, and Kim Martini pro-
vided valuable assistance at sea. Shaun Johnston and Ed
Zaron graciously conducted numerical simulations for
our experiment. Many members of an ongoing ocean
mixing Climate Process Team provided useful feed-
back and suggestions.

REFERENCES

Alford, M. H., 2008: Observations of parametric subharmonic in-
stability of the diurnal internal tide in the South China Sea.
Geophys. Res. Lett., 35, L15602, doi:10.1029/2008GL034720.

——, 2010: Sustained, full-water-column observations of internal
waves and mixing near Mendocino Escarpment. J. Phys.
Oceanogr., 40, 2643–2660.

——, J. A. MacKinnon, Z. Zhao, R. Pinkel, J. Klymak, and
T. Peacock, 2007: Internal waves across the Pacific. Geophys.
Res. Lett., 34, L24601, doi:10.1029/2007GL031566.

——, M. F. Cronin, and J. M. Klymak, 2012: Annual cycle and
depth penetration of wind-generated near-inertial internal
waves at Ocean Station Papa in the Northeast Pacific. J. Phys.
Oceanogr., 42, 889–909.

Carter, G. S., and M. C. Gregg, 2006: Persistent near-diurnal in-
ternal waves observed above a site of M2 barotropic-to-
baroclinic conversion. J. Phys. Oceanogr., 36, 1136–1147.

Doherty, K., D. Frye, S. Liberatore, and J. Toole, 1999: A moored
profiling instrument. J. Atmos. Oceanic Technol., 16, 1816–
1829.

Elgar, S., and R. T. Guza, 1988: Statistics of bicoherence. IEEE
Trans. Acoust. Speech Signal Processes, 36, 1667–1668.

Garrett, C., 2001: What is the ‘‘near-inertial’’ band and why is it
different from the rest of the internal wave spectrum? J. Phys.
Oceanogr., 31, 962–971.

——, and E. Kunze, 2007: Internal tide generation in the deep
ocean.Annu. Rev. Fluid Mech., 39, 57–87, doi:10.1146/annurev.
fluid.39.050905.110227.

Gregg, M. C., T. B. Sanford, and D. P. Winkel, 2003: Reduced
mixing from the breaking of internal waves in equatorial wa-
ters. Nature, 422, 513–515.

Harrison, M., and R. Hallberg, 2008: Pacific subtropical cell re-
sponse to reduced equatorial dissipation. J. Phys. Oceanogr.,
38, 1894–1912.

Hazewinkel, J., and K. Winters, 2011: PSI of the internal tide on
a beta-plane: Flux divergence and near-inertial wave propa-
gation. J. Phys. Oceanogr., 41, 1673–1682.

FIG. 11. (left) Comparison of expected and calculated triple
product phase. Red line shows the negative of the angle of the
calculated triple product, G in (5), while the black line shows the
angle term in (5) using the direction of the semidiurnal pseudo-
momentum as a proxy for the internal tide propagation direction.
The agreement means that the product of the two terms in (5) is
positive definite, leading to net positive energy transfer. (right)
Time-averaged magnitude of energy transfer calculated using (5),
in blue. Also shown is the average dissipation rate profile (red),
reproduced from MacKinnon et al. (2013).

JANUARY 2013 MACK INNON ET AL . 27

catastrophic way predicted by MW. Hazewinkel and
Winters (2011) argue that the time scales for PSI growth
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any given spring tide. Based upon the results presented
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transfer through PSI at this location, 2) these waves
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likely to change with the evolving mesoscale as waves
refract, and 3) time scales for PSI growth (2–5 days
from these estimates) are comparable to typical syn-
optic time scales of mesosclale evolution. Truly cat-
astrophic PSI growth simply does not have time to
take hold. Further numerical simulations with more
complex internal tide forcing, or observational studies
in a location with a simpler internal tide, may provide
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where again the X’s represent Uup, Udown, and W re-
spectively in our case. The bicoherence is normalized
such that 0 # b # 1. Here bicoherence is computed by
taking the expected value over each indicated depth range,
the result of which is shown in Fig. 8 (right panels). Elgar
and Guza (1988) determine a 95% confidence level offfiffiffiffiffiffiffiffiffiffiffiffi
6/ndof

p
. Sun (2010) discusses bicoherence significance

levels in some detail, and conclude that the appropriate
number of degrees of freedom reflects the number of
wave groups sampled, which is generally much smaller
than the number of individual samples. Using a rough
estimate that inertial phase and amplitude both change
significantly about every 2.5 days and are coherent over
about 100 m vertically (Fig. 4), we argue that the num-
ber of independent samples each of the two depth ranges
used here (50 days and 350 vertical meters each) is
ndof ’ 2 3 20 3 3. This gives a 95% confidence level of
0.22. Given that the background noise level of Fig. 8
appears lower, this is likely a conservative estimate. The

observed bicoherences at (2f, 2f ) over this period are
0.52 for the upper depth range, and 0.54 for the lower
depth range. The significance of the phase-locking be-
tween inertial and tidal motions is strong evidence of PSI
and is one of the main results of this paper. In contrast,
while there are other elevated regions of the bispectra,
they do not appear bicoherent.
Bispectral techniques can also be used to look at triple

product phasing in depth as well as time. In other words,
bispectra can be computed as a function of vertical
wavenumber in addition to frequency. Here we build on
the results of frequency analysis and look at the vertical
wavenumber bispectra specifically between near-inertial
and semidiurnal motions,

B(m1, m2)5E[ ~Uni*(m1)
~Uni*(m2)

~WD2(m11m2)] . (12)

The resultant bicoherence is shown for each depth
range in Fig. 9 (left panels). In both the upper and lower
left panels there are a range of statistically significant
bicoherences involving waves with oppositely signed
vertical wavenumbers (upper left and bottom right quad-
rants). This is the theoretically predicted combination

FIG. 8. (left) Absolute value of the bispectrum, as given by (10), for upper and lower depth ranges indicated in Fig. 7
(note the log scale for the colorbar). (right) Bicoherence for same depth ranges.
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ABSTRACT

The evidence for, baroclinic energetics of, and geographic distribution of parametric subharmonic
instability (PSI) arising from both diurnal and semidiurnal tides in a global ocean general circulation
model is investigated using 1/12.58 and 1/258 simulations that are forced by both atmospheric analysis
fields and the astronomical tidal potential. The paper examines whether PSI occurs in the model, and
whether it accounts for a significant fraction of the tidal baroclinic energy loss. Using energy transfer
calculations and bispectral analyses, evidence is found for PSI around the critical latitudes of the tides.
The intensity of both diurnal and semidiurnal PSI in the simulations is greatest in the upper ocean,
consistent with previous results from idealized simulations, and quickly drops off about 58 from the critical
latitudes. The sign of energy transfer depends on location; the transfer is positive (from the tides to
subharmonic waves) in some locations and negative in others. The net globally integrated energy transfer
is positive in all simulations and is 0.5%–10% of the amount of energy required to close the baroclinic
energy budget in themodel. The net amount of energy transfer is about an order of magnitude larger in the
1/258 semidiurnal simulation than the 1/12.58 one, implying the dependence of the rate of energy transfer
on model resolution.

1. Introduction

Internal tides are generated by barotropic tidal flow
over rough topography in a stratified fluid. After
generation, vertical low-mode internal tides may ra-
diate into the interior of the ocean or break and mix in
the vicinity of rough topography. Internal tides that
escape away from their sources do not travel indefi-
nitely since they are bound by their turning latitudes
(the latitude at which their frequency is equal to the
local inertial frequency; Hendershott 1973; Wunsch
and Gill 1976).

There are several unanswered questions about the
fate of low-mode internal tides radiating away from to-
pographic sources:

1) What percentage of converted barotropic-to-baroclinic
energy eventually goes into mixing the ocean? Mixing
in the deep ocean, now thought to be primarily due to
the baroclinic tides, wind-generated near-inertial
waves (NIWs), and the wind-driven general circula-
tion, has been argued to exert a strong influence on
the stratification and general circulation of the ocean
(Munk and Wunsch 1998; St. Laurent and Simmons
2006; MacKinnon et al. 2017).

2) What are the dynamic processes befalling internal
tides before they finally break?
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Another observation, at a lower latitude where f is less than M2/2



Gargett et al 81

Energy transfer ‘down-scale’ through 
wave-wave interactions 

Energy flow through inertial subrange of 
turbulence towards actual dissipation scales. 

= 𝜀 + Jb

?

Muller et al 86



Eikonal theory (Henyey et al 96):  Small-scale waves propagating through background shear 
experience a shrinking vertical scale, leading to wave breaking (kind of Induced Diffusion)

Modeling Dissipation: Wave-wave interaction models I
Eikonal model: Henyey et al 96, Polzin 95

(have another cookie)

Hypothesis: Small-scale waves propagating through background shear experience

a shrinking vertical scale

small-scale waves
large-scale waves

smaller-scale waves break

a good offense – p.26

Scaling dissipation in non-steady-state

Modeling Dissipation: Wave-wave interaction models I
Eikonal model: Henyey et al 96, Polzin 95

(have another cookie)

Hypothesis: Small-scale waves propagating through background shear experience

a shrinking vertical scale

small-scale waves
large-scale waves

smaller-scale waves break

a good offense – p.26

Modeling Dissipation: Wave-wave interaction models I
Eikonal model: Henyey et al 96, Polzin 95

(have another cookie)

Hypothesis: Small-scale waves propagating through background shear experience

a shrinking vertical scale

small-scale waves
large-scale waves

smaller-scale waves break

a good offense – p.26

Steady-state

dE/dm and kH (small-scale wave properties) 
change with changing spectral level, as does 

large-scale shear, so when added all 
together you get: ε ~ E2

vertical wavenumber

N
or

m
al

iz
ed

 s
he

ar
 v

ar
ia

nc
e

s /
 N

2

kkOkc

quasi-linear internal waves

strongly nonlinear regim
e

Dissipation

wave-wave interactions

ine
rtia

l su
bra

nge

Ê
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eratively refine our knowledge of internal wave dynam-
ics. The first product of this iterative approach examines
the near-boundary decay of the finescale internal wave
field and models of internal wave generation (Polzin
2004). A second effort (Lvov 2003, manuscript sub-
mitted to Phys. Rev. Lett.) reviews extant datasets and
interprets variability of observed vertical wavenumber–
frequency power laws in terms of a family of stationary
states resulting from nonlinear interactions.

Implicit in this study is the notion that ‘‘far’’ from
forcing regions and boundaries in the spectral/spatial/
temporal domains, the internal wave field manifests the
character of the underlying nonlinearity. In the far field,
the spectrum will relax back to a characteristic shape
that is stationary with respect to the nonlinearity. To be
explicit, a stationary spectrum has the property that var-
iance executes a nondivergent cascade through the spec-
trum. This cascade can be quantified at centimeter scales
by identifying the spectral transport with the rate of
dissipation of turbulent kinetic energy e.

Several nonlinear interaction models exist (Müller et
al. 1986). The first of these is based upon the fact that
energy and momentum can be systematically transferred
between internal wave triads if certain resonance criteria
are met. This approach is generically referred to here
as the resonant interaction approximation (RIA). The
second considers the refraction of internal waves by the
time-varying velocity field of other internal waves using
eikonal (ray tracing) techniques. The results of the mod-
els are in general agreement but differ in details. Dis-
sipation in both models is quadratically dependent upon
spectral level and buoyancy frequency, and the energy
transfers increase with increasing wave frequency. Dif-
ferences include the power laws of the associated sta-
tionary spectra and the sign of the transport in the fre-
quency domain. Neither model is formally valid when
applied to the finescale oceanic internal wave field. Di-
mensional analysis is invoked here and, with the aid of
observational studies, a detailed spectral transport
scheme is developed that is independent of either model.

In section 2a, validation studies of existing wave–
wave interaction models are critically examined. The
intent is twofold: to summarize measurements relating
turbulent dissipation to variability of the internal wave
field and to dispel an apparent myth that resonant in-
teraction schemes tend to overestimate observed trans-
ports. The radiation balance equation of Müller and Ol-
bers (1975) is then modified in section 2b to describe
the temporal evolution of spatially inhomogeneous in-
ternal wave spectra before developing a consistent rep-
resentation of nonlinearity. This representation is based
upon dimensional considerations and assumes that non-
linearity is unrelated to boundaries in the spectral do-
main. Nonlinearity is treated by first defining a station-
ary spectrum (section 2c) and then defining flux rep-
resentations of spectral transports (section 2d). These
flux representations have the character of relaxation
back to the stationary spectrum. Section 3a briefly de-

scribes extant observations that relate to the issue of
momentum conservation. Section 3b discusses the issue
of momentum conservation in the context of a flux trans-
port scheme for vertically asymmetric wave fields. The
resulting momentum closure (section 3c) can be char-
acterized as a backscattering process. This scheme is
then used to briefly assess the spatial evolution of a
bottom-generated wave field (section 4). The general
patterns of spectral relaxation and variable asymmetry
associated with backscattering are in reasonable agree-
ment with finescale observations from the Brazil Basin.
Last, a critical eye is turned to extant theories of non-
linear wave–wave interactions (section 5) with the intent
of comparing those previous numerical and analytic re-
sults with the flux representations derived here.

2. Energy transports in the spectral domain
a. Observational constraints on transport schemes

Like waves on the ocean’s surface, in which white-
capping and dissipation are related to the transport of
energy to smaller scales as the net product of nonlinear
interactions, turbulent dissipation in the stratified ocean
interior can be interpreted as the product of nonlinear
interactions between internal waves. The association is
most tangible as the scale separation between waves and
turbulence is reduced. Several different groups in the
last 10–15 years have reported model validation studies
relating the rate of dissipation of turbulent kinetic en-
ergy, e, measured at centimeter scales, to variability in
the finescale internal wave field over vertical wave-
lengths of tens to hundreds of meters.

The pioneering work of Gregg (1989) produced an
observationally based estimate of turbulent dissipation
(e) associated with the Garrett and Munk spectrum:

2 4N ^S &10210 21e 5 7 3 10 (W kg ), (1)obs 2 4N ^S &o 10GM

with buoyancy frequency N(z), a reference value No of
(3 cph), and 10-m, first-difference shear estimates (S10)
referenced to the GM76 value, S10GM. Note that the Gar-
rett and Munk spectrum refers to a series of empirical
fits to oceanic spectra that attempt to characterize the
background internal wave field. GM76 refers to the Gar-
rett and Munk (1975) model as revised by Cairns and
Williams (1976). M81 refers to the Munk (1981) revi-
sion. Gregg (1989) compared estimates of e obs with two
theoretical estimates of the energy flux through the in-
ternal wave spectrum to dissipation scales that were
based on different representations of wave–wave inter-
actions. The first of these, an approximate representation
of the transport under the resonant interaction approx-
imation (RIA; McComas and Müller 1981b), was re-
ported to be an overestimate:

G89e ˘ 3.4 3 e .MM obs (2)

The second model, based on eikonal (ray tracing) tech-
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FIG. 1. Results of a model validation study from Polzin et al. (1995). The vertical axis represents
observed centimeter-scale shear variance represented as diapycnal diffusivity (Kr } e/N 2); the
horizontal axis represents (6) similarly presented as Kr. (a) A comparison between data and model
without accounting for the frequency-dependent terms; (b) such terms are included. The thick
diagonal line denotes agreement with (6). The various symbols represent different datasets. See
Polzin et al. (1995) for further details.

tween (6) and observations obtained from mid- and low
latitudes: e decreases as | f | decreases.

Given the functional similarity of the two dissipation
predictions, and with e obs ˘ eMM ˘ eHWF, there is no
observational support for one dynamical model over the
other. What can be concluded, however, is that observed
dissipation rates associated with wave–wave interac-
tions depend quadratically upon N and energy density,
and transports increase with increasing wave frequency.
These observational constraints will be used to help
construct flux representations in section 2c.

b. The radiation balance equation

In a wave packet derivation, for example, Phillips
(1977), the evolution of a wave packet’s amplitude is
governed by a wave action conservation statement,
which has an equivalent spectral representation as the
radiation balance equation (cf. Müller and Olbers
1975):
] A(k) 1 = ·C A(k) 1 = ·F(k) 5 S (k) 2 S (k). (8)t g k o i

Here A(k) is the action spectrum; k is a 3D wave vector;
transports of A(k) through the spectral domain are rep-
resented as F(k), sources by So(k), and sinks as Si(k).
There are several immediate problems associated with
using (8) as the basis for a descriptive tool. The most
daunting is that action is neither directly observed nor
intrinsically conserved by internal wave–wave inter-
actions. Internal wave interactions conserve energy and
momentum, not action (Müller et al. 1986). See section
5 for further discussion.

The first step in the tool-building exercise is to con-
struct a transport scheme that directly addresses the in-
formation content of the observations. This focus dic-

tates the following: 1) Observations typically do not
permit characterization of the field in terms of discrete
wave packets, so a spectral representation is pursued.
Conservation statements are constructed here using a
simple kinematic box in the spatial/temporal/spectral
domain. 2) Observations are generally obtained in the
temporal and/or vertical spatial domain, rather than the
horizontal, so that a description in terms of the vertical
wavenumber and frequency domain is pursued rather
than a 3D wave vector space. 3) Energy and momentum
conservation are pursued here because wave energy and
e are the observed variables.

Consider a point (m2, v2, z2) in vertical wavenumber
(m), frequency (v), and vertical coordinate (z) space
(Fig. 2). The energy density in the volume defined by
the line segments Dm 5 m3 2 m1, Dv 5 v3 2 v1, Dz
5 z3 2 z1 is DmDvDz E6(m2, v2, z2, t), where E6(m,
v, z, t) is the vertical wavenumber–frequency energy
density of either the upward (1) or downward (2) prop-
agating wave field, and Dm, Dv, and Dz are assumed
to be small. The time rate of change of energy density
in the volume,

6DmDvDz][E (m , v , z , t)]/]t,2 2 2

is balanced by the difference of energy fluxes through
the surfaces defined by z 5 z1 and z 5 z3,

6[C (m, v)E (m, v, z, t)]DmDv,gz

where | Cgz | 5 (v2 2 f 2)(N 2 2 v2)/vm(N 2 2 f 2) is
the vertical group velocity; the difference of downscale
spectral transports of energy F6(m, v, z, t)DzDv
through the surfaces at m 5 m1 and m 5 m3; the dif-
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PATCHEX 
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Fig. 1. The average N profile for PATCHEX decreases rapidly above 2.4 MPa and slowly at greater pressures. 
Below 2.4 MPa, (S•2o) • S•M. Through both the shallow and deep thermoclines, the observed average is very 
close to 2 SHW F. The data are averaged over 0.1 MPa. 

RING8œI 

During an outbreak of cold air in January 1983, we ob- 
served the convective deepening of the mixed layer in warm- 
core ring 821 [Shau and Gregg, 1986; Kunze, 1986; JogIce and 
Stalcup, 1985]. While waiting for the cold air to arrive, we 
profiled within 30 km of the ring center. The stability pro- 
files show a surface mixed layer shallower than 0.35 MPa and 
a deeper minimum in N between 0.8 and 1.3 MPa, appar- 
ently the result of an earlier storm or of slope water flooding 
the ring. Although the water column is diffusively unstable 
and contains many prominent thermohaline intrusions, Lar- 
son [1988] concludes that s is too large to be produced by 
double diffusion. Nor are the regions of high dissipation 
consistently related to the intrusions or to the cyclostrophic 
shear of the ring. Hence, internal wave breakdown is the 
only plausible source of the elevated dissipation; indeed, 
above 1.5 MPa <S•0 S 4 / aM) is as much as 100 times that 
for PATCHEX (Figure 2, middle panel). 

Compared with PATCHEX, (e)/v<N 2) is very large, 80- 
2200 (Figure 2). For reference, when (s)/v(N 2) < 16, re- 
stratification of the energy-containing scales quenches the 
net buoyancy flux in stratified grid wakes [Rohr et al., 1987], 
and when (e)/v(N 2) > 200, dissipation-scale velocity fluc- 
tuations are isotropic [Gargett et al., 1984]. Normalizing 
(e) by v{N 2) clearly demonstrates the inadequacy of scal- 
ing only with N: the vertical average is 58 times that for 
PATCHEX, compared to 1.52 when (s) is normalized by 
{SlW) (Table 2). Considering only the more active region 
above 1.5 Mea, the vertical averages are (e)/v<N 2 ) = 1301 

and {s}/{sirw} = 1.02. Therefore, the scaling reduces two 
decades of variability in {s} to an octave. 
PA TCHEX North 

Transiting north after PATCHEX, we took a line of AMP 
profiles across a mature coastal jet, ending with five MSP 
profiles in the center of the jet. The shallow thermocline is 
thin, with N falling to No at 1.1 MPa. Throughout the pro- 
file, {s} is high (Figures 2 and 3), occurring in thick patches 
unrelated to either the numerous thermohaline intrusions or 
to the coastal jet. Hence, shear is tke only plausible source 
of the turbulence, as in the warm-core ring. Consistent with 
this inference, 4 4 <S10/SGM > averages 9.9 (Table 2). 

Scaling e by •(N • ) yields levels 9 times PATCHEX (Table 
2); but scaling by (elW) gives a vertical average only 1.1 
times PATCHEX. Therefore, PATCHEX north is a second 
example of large dissipations in surprising agreement with 
the internal wave scaling. 

DRIFTER 

The DRIFTER observations were taken in the California 
Current during October 1982 while we followed a float teth- 
ered to a drogue at I MPa [Gregg et al., 1986]. Both the 
site and the water column are similar to PATCHEX, except 
that several moderately strong near-inertial features persist 
in the data for several days. The strongest accounts for the 
elevated shear between 1.6 and 1.7 MPa (Figure 4). Largely 
owing to the near-inertial features, the vertical average of 
<Sol SGM > is 2.2 (Table 2). 

𝜖 ~ E^2 N^2

versus 𝜖 ~ E^1, others

Winner!

Gregg89: Comparing observations to proposed scalings 

Polzin et al 95

Moment of truth



..............................................................

Reduced mixing from the breaking of
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities.But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1.Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence.Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5.Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions.We find
a strong latitude dependence of dissipation in accordance with
the predictions3.In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves.Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ¼ f cosh21ðN=fÞ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum,Garrett and Munk6,and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars,and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak,the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction,and approximately bound the scatter in the data. In spite of the scatter,the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves,intense internal waves observed near

the Equator produced only modest Kr. For reference,the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities. But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1. Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence. Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5. Here we present observations of temperature and
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are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves. Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in
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waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1 Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ ¼ f cosh21ðN=f Þ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum, Garrett and Munk6, and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars, and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak, the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction, and approximately bound the scatter in the data. In spite of the scatter, the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves, intense internal waves observed near

the Equator produced only modest Kr. For reference, the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities. But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1. Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence. Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5. Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions. We find
a strong latitude dependence of dissipation in accordance with
the predictions3. In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves. Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1 Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ ¼ f cosh21ðN=f Þ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum, Garrett and Munk6, and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars, and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak, the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction, and approximately bound the scatter in the data. In spite of the scatter, the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves, intense internal waves observed near

the Equator produced only modest Kr. For reference, the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities. But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1. Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence. Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5. Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions. We find
a strong latitude dependence of dissipation in accordance with
the predictions3. In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves. Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1 Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ ¼ f cosh21ðN=f Þ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum, Garrett and Munk6, and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars, and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak, the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction, and approximately bound the scatter in the data. In spite of the scatter, the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves, intense internal waves observed near

the Equator produced only modest Kr. For reference, the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities. But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1. Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence. Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5. Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions. We find
a strong latitude dependence of dissipation in accordance with
the predictions3. In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves. Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1 Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ ¼ f cosh21ðN=f Þ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum, Garrett and Munk6, and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars, and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak, the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction, and approximately bound the scatter in the data. In spite of the scatter, the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves, intense internal waves observed near

the Equator produced only modest Kr. For reference, the molecular diffusivity of heat in
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Figure 1. Dissipation rate ! (W kg!1) estimated from over five years (2006 –2011) of Argo data. Estimates from high ver-
tical resolution data centered between (a) 250–500 m, (b) 500–1,000 m, and (c) 1,000–2,000 m are averaged over 1.5" square
bins and plotted if they contain more than three dissipation rate estimates. The underlying bathymetry is from the Smith and
Sandwell dataset [Smith and Sandwell, 1997] version 14.1.

Figure 2. Averaged diffusivity k (m2 s!1). Otherwise identical to Figure 1.
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Figure 3.6: Comparisons between Argo-derived finestucture estimates and mi-
crostructure measurements for (a) the dissipation rate ✏ and (b) the di↵usivity K
between 250 and 2000 m with bootstrapped 90% confidence intervals. The means
are identical to the profiles shown in Figure 3.5. Agreement within a factor of 2
or 3 is designated by the gray bands.
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Figure 5. Seasonally averaged maps of energy flux from

the wind into near-inertial mixed-layer motions for the year

1997. Variability in mixed-layer depth is included by sea-

sonally averaging the Levitus climatology.

and the model gives zero currents. A few (< 1%) seasonally-

averaged values are < 0 (loss of energy to the atmosphere),

but all of these have magnitudes less than 0.1 mWm−2, and

so are also plotted in blue. The rough land edges reflect the

2.5◦ grid spacing.

The largest inputs occur from 30-50◦N during northern

hemispheric fall/winter, in bands across the western North

Atlantic and Pacific, associated with northern midlatitude

storms. Large fluxes also occur at 30-50◦S during southern

winter, particularly in the Indian Ocean.

Broad minima span the central and eastern portions of

each basin. Interestingly, D’Asaro’s [1985] eastern Pacific

analysis was conducted in a relatively low-flux region. He

obtained higher values in the eastern Atlantic, consistent

with this general picture.

Spatial maps of the inertial component of the wind would

produce identical patterns. These differ substantially from

maps of wind speed (or, for example, maps of ρu3
∗). For

example, the strong easterly trade winds produce very lit-

tle near-inertial energy flux. These differences underscore
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Figure 6. (a,c) The monthly mean flux is

plotted for each year 1996-1999 (thin lines,

solid=1996,dashed=1997,dashdot=1998,dotted=1999),

and for the 4-year mean (heavy line). Black lines are from

37.5◦ N, and gray lines are from 37.5◦ S. (a) The flux

without mixed-layer-depth correction, Π(50 m). (b) The

monthly mean, zonally averaged Levitus and Boyer [1994]

mixed layer depth, < H >, at 37.5◦ N (black) and 37.5 S

(gray). (c) Mixed-layer-depth corrected flux, Π(H).

the importance of the inertial component of the wind fields,

rather than their overall magnitude, in generating near-inertial

motions.

4.2. Seasonal Cycle

The seasonal cycle is examined by computing the zonal

average across the bands 37.5◦N and 37.5◦S. Examining the

cycle of Π(50 m) (Figure 6a), a strong maximum is seen near

December/January in the northern hemisphere (in agreement

with D’Asaro [1985]), and near June in the southern hemi-

sphere. This pattern is consistent with primary forcing by

winter storms.

The zonally averaged mixed-layer depth (Figure 6b) is

deepest during winter. Its incorporation into the flux corre-

spondingly weakens the seasonal cycle of Π(< H >) rela-

tive to Π(50 m), and shifts the peaks towards October in the

northern hemisphere, also as seen by D’Asaro [1985]. Sea-

sonal cycles are still present in both hemispheres, however,

with maxima resulting as a combination of large fluxes and

a thin mixed-layer.
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In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities.But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1.Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence.Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5.Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions.We find
a strong latitude dependence of dissipation in accordance with
the predictions3.In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves.Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ¼ f cosh21ðN=fÞ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum,Garrett and Munk6,and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars,and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak,the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction,and approximately bound the scatter in the data. In spite of the scatter,the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves,intense internal waves observed near

the Equator produced only modest Kr. For reference,the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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Parameterize unresolved dissipation rate as rate 
of down-scale energy transfer to IW continuum



low-intensity microstructure. Turbulent dif-
fusivity values for the central Brazil Basin
were about 0.1 3 1024 m2 s21. We ob-
served just a slight enhancement in the
mixing over the rise within 100 m of the
bottom, most likely a result of boundary
layer turbulence. These small dissipation
estimates were surprising in that a bottom-
intensified deep western boundary current
flows above the rise (albeit at speeds of only
about 2 cm s21) that has been implicated in
mixing Brazil Basin waters (13). In contrast,
turbulent dissipation rates were elevated
one to two orders of magnitude above the
rough flanks of the MAR, particularly with-
in 300 m of the bottom.

We repeatedly sampled one spur of the
MAR with the HRP between 3 and 20
February, 1996, a period encompassing both
spring and neap tides. Turbulent diffusivity

values in this region were consistently
greater than 1024 m2 s21 within 300 m of
the bottom; within 150 m, some values
exceeded 1023 m2 s21 (Fig. 3). This region
of rough topography was chosen as the trac-
er release site. Approximately 110 kg of SF6
was released during an 8-day period on a
density surface at about 4010 m depth near
21°409S, 18°259W (Fig. 1) (14). The initial
root-mean-square vertical spread of the
tracer relative to the target density surface,
resulting from shifts in sensor calibration
between tows, was about 9 m. Tracer con-
centration broadened in the 11 days after
injection (Fig. 4). Application of a diffusion
model (15) returned a diapycnal diffusivity
value of 0.5 3 1024 6 0.5 3 1024 m2 s21.
On the basis of the 39 HRP stations made
in this region, we estimate that K between
3960 and 4060 m was 0.3 3 1024 to 0.6 3

1024 m2 s21 (95% confidence bounds). Al-
though a K value close to zero cannot be
ruled out by the tracer data, the best esti-
mate is consistent with those from the
HRP.

The microstructure data show that mix-
ing was enhanced throughout much of the
water column in regions with rough topog-
raphy. Turbulence supported directly by
bottom stress is limited to boundary layers
that are typically only tens of meters high.
That mixing occurs remote from the bot-
tom implicates wave processes that can
transport energy up from the bottom.
Steady and time-dependent bottom cur-
rents flowing over undulating bathymetry
can generate internal waves that propagate
up into the water column (16). Subsequent
instability and breaking of such waves
would provide an energy source for the tur-
bulent mixing. Consistent with this idea,
enhanced fine-scale shear and strain (17)
were observed above rough bathymetry. We
propose that the energy source for the inter-
nal waves supporting the mixing near the
MAR is the barotropic tides impinging on
the rough bathymetry of the ridge. (Mean

Fig. 1. Distribution of HRP
stations (triangles) in the Bra-
zil Basin of the South Atlantic
Ocean. Isobaths greater than
2000-m depth are depicted
with a contour interval of
1000 m. The expanded scale
plot to right shows the ship
tracks during injection of the
SF6 tracer (solid lines). The
dashed lines mark the sam-
pling tracks of the initial trac-
er survey.

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

5500
24 28 32 36 40 44

<10-5 >10-5 >10-4 >10-3

10-5 10-2
Diffusivity (m2s-1)

Pr
es

su
re

 (d
ba

r)

Minutes latitude (+21° S)

Tr
ac

er
 in

je
ct

io
n 

le
ve

l

Fig. 3. Profiles of average cross-isopycnal diffu-
sivity versus depth as a function of position rel-
ative to a spur of the MAR (whose bathymetry is
shown versus latitude). Diffusivity profiles have
been offset horizontally to roughly correspond to
their physical position relative to the spur and are
plotted on a logarithmic axis. The tick marks and
color scheme denote decadal intervals, and the
vertical reference lines denote K 5 1025 m2 s21.
The 95% confidence intervals are roughly 650%
of the depicted estimates. The horizontal line
marks the average depth at which the SF6 tracer
was injected.
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The prognostic version

How do we understand this, or 
parameterize in models?

[Polzin et al 97]
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The dynamics related to the production of internal waves
when steady flow encounters bottom bathymetry are well
known, and internal waves produced by steady flow over
topography are termed “lee waves”. The specific problem
of tidal flow over bathymetry has been considered in sev-
eral studies [Bell, 1975a, b; Baines, 1982; Sjöberg and Stige-
brandt, 1992]. The theory proposed by Bell [1975a] applies
to “subcritical” topography, where the topographic slope is
less steep than the ray trajectory of the radiated internal
tide. The other models address internal tides generated by
steeper “supercritical” topography, with the case of depth
discontinuities considered by Sjöberg and Stigebrandt [1992].
For the work presented here, a simple relation describing

the energy flux lost by the barotropic tide to internal waves
is sought. All models referred to above predict an energy
flux proportional to squared tidal velocity, though formula-
tions for subcritical and supercritical topography differ dras-
tically. The simplest scaling derived from subcritical theory
is:

Ef ∼
1
2
ρ0κh

2Nu2, (2)

for the energy flux per unit area, where N is the buoyancy
frequency and (κ, h) are the wavenumber and amplitude that
characterize the bathymetry. We emphasize that (2) is a
scale relation, and not a precise specification of internal tide
energy-flux. One of the vexing problems of including a pa-
rameterization for internal waves in a barotropic tide model
is that while internal waves are studied in the frequency do-
main, numerical modeling is generally performed in the time
domain. This makes a parameterization involving multiple
frequency constituents difficult to implement. We have ne-
glected a frequency dependence factor of ω−1(ω2−f2)1/2 in
(2), which becomes significant at latitudes where the tidal
frequency ω is close to the Coriolis frequency f . While prop-
agating internal tides occur equatorward of the turning lat-
itude where ω = f , bottom-trapped internal tides occur
at latitudes where ω < f . Thus, semidiurnal internal tides
are trapped poleward of 74.5◦, and diurnal internal tides are
trapped poleward of 30◦. The factor of 1/2 in (2) is retained
for aesthetic reasons, allowing us to draw a connection to the
“mountain drag” parameterization used in the meteorolog-
ical literature. It was found by Palmer et al. [1986] that
atmospheric general circulation models showed an improved
circulation pattern when the energy flux of waves produced
by winds blowing over orography was accounted for using a
relation identical to (2).
In the work presented here, the term “dissipation” refers

to the loss of barotropic-tidal energy to bottom friction, as
well as to the loss of energy to internal waves. In regions
of rough topography, taking horizontal scales of O(10 km)
and vertical scales of O(100–300 m) as typical of the rough-
ness, then an energy flux of O(1–10 mW m−2) is estimated
to be lost by the barotropic tide to internal waves. Ulti-
mately, internal-wave energy must truly dissipate as turbu-
lence. Wave radiation, however, may carry internal-tide en-
ergy to sites far from generation regions, as observed for the
internal tide generated at Hawaii [Ray and Mitchum, 1996].
This is particularly true of the waves with low vertical modes
that carry most of the energy. The extent to which internal
tides produce turbulence as they propagate away from their
generation sites is not clear, and is the subject of ongoing
work.

Implementation

The numerical model equations for the barotropic, shal-
low-water flow are modified to include the stress associated
with wave energy flux in a manner similar to Palmer et al.
[1986]. The momentum equations are:

∂U

∂t
− fV = −gH

∂

∂x
(η − η + ζl)− cd|u|u−

1
2
κh2Nu (3)

∂V

∂t
+ fU = −gH

∂

∂y
(η − η + ζl)− cd|u|v −

1
2
κh2Nv, (4)

where u = (u, v) is the horizontal velocity vector, and
(U, V ) = H(u, v) are the corresponding transport velocities.
The ocean depth is given by H , f is the Coriolis param-
eter, g is gravity, η is the free-surface elevation, η is the
equilibrium tidal forcing, and ζl is the self-attraction and
solid-earth load tide [Farrell, 1972; Hendershott, 1972]. The
barotropic model is a simple second-order, finite-difference
model of the linear shallow water equations, time-stepped
forward using the trapezoidal-leapfrog method [Killworth et
al., 1991]. It was configured on a 1/2◦ Mercator grid from
72◦S to 72◦N and forced with the 8 largest tidal constituents.
The drag on the barotropic flow is in two separate dissipa-
tion terms, given by dividing relations (1) and (2) by ve-
locity. The drag of bottom friction is represented by cd|u|u.
The second term, (1/2)κh2Nu, is the parameterization used
to represent the drag from internal-wave generation. This
is not a proper expression of internal-tide stress. Instead,
(1/2)κh2Nu is better thought of as “Rayleigh” drag, which
crudely represents the drag of internal tides over subcriti-
cal topography. In regions of supercritical topography, this
parameterization still provides drag, though its relation to
internal-tide drag is questionable.
The parameterization is only used in water depths greater

than 100 m, and the required values of N , κ, and h2,
are set as follows: The buoyancy frequency, N , as a func-
tion of longitude, latitude and bottom depth is computed
from the Levitus et al. [1994] database. The bottom rough-
ness, h2, is computed from the Smith and Sandwell [1997]
1/30◦ ocean topography database. Over each grid cell, a
polynomial sloping surface is fit to the bottom topogra-
phy (given by H = a + bx + cy + dxy), and the residual
heights are used to compute h2, the mean-square bottom
roughness averaged over the grid cell. In the gravity wave
stress-parameterization used in atmospheric models, κ, the
wavenumber of topographic roughness, is generally set to be
spatially constant. In this study, we treat κ as a spatially-
constant free parameter, whose value is adjusted to minimize
the difference between the modeled tides and the observed
tides. We find κ ≃ (2π/(10 km)) is optimal. In principle,
however, κ could be calculated directly from the topogra-
phy, and be different for the u and v directions, allowing for
the anisotropy of bottom topography associated with ridges
and faults.

Results

To assess the impact of including the parameterization of
internal wave energy-flux on a tidal simulation, the modeled
tides were compared to the observed tide [UT-CSR, version
4 by Eanes and Bettadpur, 1995]. The comparison is the
areally weighted root-mean-square (RMS) difference com-
puted over the deep ocean (defined as water depths greater
than 1000 m). It is readily observable in Table 1, that the

Internal tide generation from sub-critical theory

[Jayne and St. Laurent 2001, St. Laurent Simmons and Jayne 02] 
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Table 1. RMS difference from observed tide [cm]

Tide Bottom drag Bottom drag plus
only internal-wave drag

M2 12.0 6.7
S2 5.9 3.6
N2 2.1 1.2
K2 1.4 1.1
K1 6.3 5.5
O1 6.1 2.9
P1 1.7 1.4
Q1 1.9 1.2

inclusion of the parameterization increases the fidelity of the
barotropic tide model. For the 8 constituents modeled, the
total RMS is reduced from 16.4 cm to 10.1 cm.
The modeled tidal dissipation was calculated as well. In

both model runs the dissipation was about 3.5 TW, in agree-
ment with the measured global tidal dissipation of 3.5 ± 0.1
TW (Table 2). In the simulation without the parameteriza-
tion of internal waves, less than 1% of the dissipation took
place in the deep ocean (deeper than 1000 m), as expected
from scaling arguments [Munk, 1997]. When the parameter-
ization was included, however, the modeled deep dissipation
increased to about 1 TW (30% of the total), of which 0.72
TW is from the M2 tide, consistent with the estimates made
by Egbert and Ray [2000]. The model’s amount of deep dis-
sipation is very sensitive to our choice of κ, changing nearly
linearly with it when κ is O(2π/(10 km)). That the mod-
eled deep dissipation is in close agreement with estimates
from observations, however, suggests the parameterization
is a plausible representation of internal tide energy-flux.
Figure 1 shows the spatial distribution of the dissipation.
The increased dissipation in the deep ocean appears con-
centrated along the mid-ocean ridges where the topography
in the ocean is the roughest, qualitatively consistent with
the estimates by Egbert and Ray [2000].
In this paper we have addressed only a very limited aspect

of a parameterization for internal waves in a barotropic tide
model. A parameterization better suited for supercritical
topography is especially needed. However, our estimates in-
dicate that including a parameterization of the internal-wave
drag in tide model improves the simulation of the tide. At
the same time, the parameterization changes the distribu-
tion of dissipation so that about 1 TW of energy is lost from
the tides in the deep ocean. We believe that further work
may lead to improved general circulation models, where deep
ocean mixing-rates should be specified according to predic-
tions of tidal-energy input. Including a parameterization of
wave energy-flux in eddy-resolving models may help explain
observations of decreased eddy-energy over rough topogra-

Table 2. Energy dissipation [Terawatts]

Bottom drag Bottom drag plus
only internal-wave drag

Total dissipation 3.49 3.54
Deep dissipation 0.02 1.07
Deep / Total 0.7% 30.2%
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Figure 1. Time-average dissipation in tidal model simulations
(a) with bottom drag only, (b) with bottom drag plus internal-
wave drag, and (c) the difference between the two cases.

phy in the deep ocean [Gille et al., 2000]. Finally, improved
parameterizations of internal tides would aid in the general
problem of modeling barotropic ocean variability.
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Tide Bottom drag Bottom drag plus
only internal-wave drag

M2 12.0 6.7
S2 5.9 3.6
N2 2.1 1.2
K2 1.4 1.1
K1 6.3 5.5
O1 6.1 2.9
P1 1.7 1.4
Q1 1.9 1.2

inclusion of the parameterization increases the fidelity of the
barotropic tide model. For the 8 constituents modeled, the
total RMS is reduced from 16.4 cm to 10.1 cm.
The modeled tidal dissipation was calculated as well. In

both model runs the dissipation was about 3.5 TW, in agree-
ment with the measured global tidal dissipation of 3.5 ± 0.1
TW (Table 2). In the simulation without the parameteriza-
tion of internal waves, less than 1% of the dissipation took
place in the deep ocean (deeper than 1000 m), as expected
from scaling arguments [Munk, 1997]. When the parameter-
ization was included, however, the modeled deep dissipation
increased to about 1 TW (30% of the total), of which 0.72
TW is from the M2 tide, consistent with the estimates made
by Egbert and Ray [2000]. The model’s amount of deep dis-
sipation is very sensitive to our choice of κ, changing nearly
linearly with it when κ is O(2π/(10 km)). That the mod-
eled deep dissipation is in close agreement with estimates
from observations, however, suggests the parameterization
is a plausible representation of internal tide energy-flux.
Figure 1 shows the spatial distribution of the dissipation.
The increased dissipation in the deep ocean appears con-
centrated along the mid-ocean ridges where the topography
in the ocean is the roughest, qualitatively consistent with
the estimates by Egbert and Ray [2000].
In this paper we have addressed only a very limited aspect

of a parameterization for internal waves in a barotropic tide
model. A parameterization better suited for supercritical
topography is especially needed. However, our estimates in-
dicate that including a parameterization of the internal-wave
drag in tide model improves the simulation of the tide. At
the same time, the parameterization changes the distribu-
tion of dissipation so that about 1 TW of energy is lost from
the tides in the deep ocean. We believe that further work
may lead to improved general circulation models, where deep
ocean mixing-rates should be specified according to predic-
tions of tidal-energy input. Including a parameterization of
wave energy-flux in eddy-resolving models may help explain
observations of decreased eddy-energy over rough topogra-

Table 2. Energy dissipation [Terawatts]

Bottom drag Bottom drag plus
only internal-wave drag
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Figure 1. Time-average dissipation in tidal model simulations
(a) with bottom drag only, (b) with bottom drag plus internal-
wave drag, and (c) the difference between the two cases.

phy in the deep ocean [Gille et al., 2000]. Finally, improved
parameterizations of internal tides would aid in the general
problem of modeling barotropic ocean variability.
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energy flux. St. Laurent and Garrett [2002] considered the
internal tide energy flux over the region between 8! –20!W
longitude and 22! –32!S latitude, and found 4 ± 1 mW m!2

as the spatially averaged generated power. Taken together,
these dissipation and generation estimates suggest an aver-
age local dissipation efficiency of q = 0.3 ± 0.1.
[8] Estimates of radiated and generated energy flux have

also been documented for the Hawaiian Ridge. Ray and
Mitchum [1997] have examined TOPEX/POSEIDON altim-
etry data for the sea-surface elevation signal associated with
the mode-1 and mode-2 internal tides radiated from Hawaii.
They found that the signal of low-mode radiation was
apparent to distances over 1000 km away from Ridge.
Ray and Mitchum [1997] estimate that mode-1 accounts
for 15 GW. Additionally, Egbert and Ray [2001] used
TOPEX/POSEIDON altimetry data to estimate the total
barotropic to baroclinic tidal conversion. They estimate a
total baroclinic conversion of 20 GW at the Hawaiian
Ridge. These estimates imply that at least 75% of the
generated energy flux is radiated to the far field, leaving
q " 0.25 for the dissipation efficiency. Smaller dissipation
efficiencies are likely since other low modes are also
radiated to the far field. Indeed, results from the Hawaiian
Ocean Mixing Experiment suggest q ’ 0.05 (Eric Kunze,
personal communication, 2002).
[9] Motivated by the dissipation and generation estimates

from the abyssal Brazil Basin, we propose an initial estimate
of the dissipation efficiency of q = 0.3 ± 0.1. We have
limited information on which to assess the variability of this
parameter for different internal tide generation regions.
However, we expect this to be appropriate for the mid-
ocean ridge regions similar to the Brazil Basin. For isolated
ridges such as Hawaii, q = 0.3 may be considered an upper
estimate, consistent with the altimetry derived energy levels.
[10] Our model for the turbulent dissipation rate follows

as ! ’ (q/r)E(x, y)F(z), where E(x, y) is the time-averaged
map of generated internal tide energy flux, and F(z) is the
function for the vertical structure of the dissipation, chosen
to satisfy energy conservation within an integrated vertical
column,

R

0
!HF(z)dz = 1. The parameterization for the

turbulent diffusivity follows from the Osborn [1980] rela-
tion for the mechanical energy budget of turbulence,

kv ’
!qE x; yð ÞF zð Þ

rN2
: m2 s!1

! "

ð2Þ

Here, ! is related to the mixing efficiency of turbulence, and
! = 0.2 is generally used [Osborn, 1980]. The diffusivity
given in (2) is meant to quantify only the enhanced levels of
mixing supported by the dissipation of internal tide energy. A
backgrounddiffusivity of 0.1 % 10!4m2 s!1 is still assumed to
be sustained in all regions, and must be added to the estimate
from (2).Contributions to the diffusivity fromother sources of
enhanced mixing, such as turbulence in critical layers and
frictional boundary layers, could also be added to (2).
[11] In the estimates we present here, our selection of the

vertical structure function F(z) in (2) is motivated by
turbulence observations from the abyssal ocean [St. Laurent
et al., 2001] and the continental slope [Moum et al., 2002].
These observations suggest that the dissipation rate can be
roughly modeled as an exponential function that decays
away from the topography. Specifically, we use a dissipa-
tion profile of the form !(z) = !0 exp (!(H + z)/z), where z is

the vertical decay scale, and !0 is the maximum dissipation
rate at the bottom, z = !H. This gives

F zð Þ ¼ e! Hþ zð Þ=z

z 1! e!H=zð Þ
: ð3Þ

3. Results

[12] We have calculated the three dimensional distribu-
tion of kv using estimates of E(x, y) from numerical
simulations of the tides [Jayne and St. Laurent, 2001],
and N2 calculated from a climatology of oceanic salinity
[Levitus et al., 1994] and temperature [Levitus and Boyer,
1994]. In (2), we take q = 0.3 and ! = 0.2. The vertical
decay scale in (3) was taken as z = 500 m, which is an upper
estimate based on turbulence observations [St. Laurent et
al., 2001] Estimates from (2) were made for regions where
the ocean was deeper than 100 m, which generally excludes
the continental shelves. The bathymetry data of Smith and
Sandwell [1997], version 8.2, were used.
[13] Maps of kv reveal significant spatial variations (Figure

1). At the 1000 m depth level (Figure 1a), the influence of
enhanced mixing due to internal tides is limited to a small
number of regions. Sites with diffusivities exceeding 1 %

Figure 1. Estimates of turbulent diffusivity along (a) the
1000 m depth level, (b) the 4000 m depth level, and (c) the
bottom boundary of the ocean. At all levels, a background
diffusivity of 0.1 % 10!4 m2 s!1 was added to the
parameterized estimates. Seafloor topography shallower than
the given depth level is shaded gray in (a) and (b). In (c), gray
shading is used for seafloor regions shallower than 100 m.
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One step better: develop a vertical decay scale based on nonlinear 
dynamics of wave interaction and breaking. Essentially we’ve replaced 
the empirical F(z) vertical structure function from St. Laurent et al with 
a more dynamically based one and tested model sensitivity. Tidal Energy Dissipated Near Topography, ’Aha Huliko’a Proceedings, January 2003 3

well et al., 2000), and the 3000-m isobath of the Hawaiian

Ridge (Kunze et al., 2002b). The latter was averaged from

16 stations spanning roughly ⇥1000 km along the Hawai-

ian Ridge. These stations were occupied over a 3 week pe-

riod during 2000 and capture energy flux radiated from both

strong and weak sites of internal tide generation along the

ridge. A profile from the Virginia Slope is also shown, as

turbulence at this site is likely supported by low-mode in-

ternal tides dissipating in the far field (Nash et al., 2003).

At all sites, the dissipation rates are maximum along the to-

pography, and decay away from the topography with height.

Enhanced turbulence levels are found to extend up to 1000

m from the bottom.

The energy flux carried by the internal tide can radiate as

propagating internal waves, and these waves are subject to

a collection of processes that will eventually lead to dissi-

pation. Shear instability, wave-wave interactions, and topo-

graphic scattering all act to influence the rate of dissipation

and control whether the internal tide dissipates near the gen-

eration site or far away. Understanding the physical cascade

that allows energy in the internal tide to power turbulence is

one goal of ocean mixing research.

2. Internal tide energy flux

Several nondimensional parameters are needed to model

the physical regime of internal tide generation. One param-

eter, kU0/⇤, measures the ratio of the tidal excursion length

scale U0/⇤ to the length scale of the topography k�1. This

parameter is discussed by Bell (1975) and others, and distin-

guishes a wave response dominated by the fundamental tidal

frequency (kU0/⇤ < 1) from a lee-wave response involving

higher tidal harmonics (kU0/⇤ > 1). A second parameter,

⇥ = h0/H, measures the ratio of the topographic amplitude

h0 to the total depth H. A third parameter, s/�, measures

the ratio of the maximum topographic slope s = |⌅h| to

the ray slope given by � =
��

⇤2 � f2
⇥
/

�
N2 � ⇤2

⇥⇥1/2
.

This parameter also distinguishes two regimes. In the case

of s/� < 1, the topographic slopes are less steep than the

radiated tidal beam, and internal wave generation is termed

subcritical. In the case of s/� > 1, the topographic slopes

exceed the steepness of the radiated beam and the internal

wave generation is termed supercritical. The critical genera-

tion condition is met when the radiated tidal beam is aligned

with the slope of the topography.

The subcritical generation of internal tides was first con-

sidered by Cox and Sandstrom (1962), Baines (1973), and

Bell (1975). These studies examined subcritical topography

in the limit of ⇥ ⇤ 1 and s/� ⇤ 1, for which the bottom

boundary condition can be linearized to w(�H) = U ·⌅h.
In this case, the internal tide generation problem can be

Figure 1. Average profiles of turbulent dissipation from

several sites where internal tides support mixing. Oregon

Slope data are shown with 95% confidence intervals, as de-

scribed by Moum et al. (2002). Virginia Slope data (Nash et

al., 2003) show mixing supported by the dissipation of low

mode internal tides. The 95% confidence intervals for data

from Brazil Basin fracture-zone valleys, crests, and slopes

are shown as blue, green. and red shaded bands, respec-

tively, as described by Ledwell et al. (2000). Dissipation at

the 3000-m isobath of the Hawaiian Ridge was derived from

data described in the text.
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ference of spectral transports in the frequency domain
across v 5 v1 and v 5 v3, G6(m, v, z, t)DmDz; and

local energy sources (So) or sinks (Si) within the volume,
DmDzDv( 2 ):6 6S So i

6]E (m , v , z , t)2 2 2 6 6DmDvDz 6 DmDvC (m , v , z )E (m , v , z , t) 7 DmDvC (m , v , z )E (m , v , z , t)gz 2 2 1 2 2 1 gz 2 2 3 2 2 3]t
6 6 6 61 DvDzF (m , v , z , t) 2 DvDzF (m , v , z , t) 1 DmDzG (m , v , z , t) 2 DmDzG (m , v , z , t)1 2 2 3 2 2 2 1 2 2 3 2

6 65 DmDzDv(S 2 S ). (9)o i

Dividing by DmDvDz and taking the limit as Dm, Dv, and Dz approach zero results in:
6 6 6 6]E (m, v) ][C (m, v)E (m, v)] ]F (m, v) ]G (m, v)gz 6 66 1 1 5 [S (m, v) 2 S (m, v)], (10)o i]t ]z ]m ]v

where Cgz has been assumed to be positive definite. The
convention here is that both wavenumber and frequency
are positive. The direction of propagation or sign of a
spatial flux is given explicitly. The group velocity be-
longs inside the spatial divergence operator in this rep-
resentation. There is no intrinsic limitation to the num-
ber of spatial dimensions referenced by the kinematic
argument resulting in (10). In general, one can infer
conservation statements of the form

] E(k) 1 = · [C E(k)] 1 = · F(k)t g k

5 S (k) 2 S (k). (11)o i

Equation (10) describes the evolution of the vertical
wavenumber–frequency energy density as a function of
depth and time. The fluxes F6(m, v) and G6(m, v)
represent transfers of wave energy in vertical wavenum-
ber–frequency space resulting from a variety of physical
mechanisms, including wave–wave interactions, buoy-
ancy scaling, and wave–mean flow interactions. Of ex-
clusive interest here are wave–wave interactions. The
source–sink terms on the right-hand side of (10) can
represent either the production and dissipation of energy
or the transfer of energy between waves having different
wavenumber and frequency. In the oceanic context,
wave generation typically occurs at the boundaries. In
such cases the energy sources enter through boundary
conditions rather than having an (m, v) representa-6S o

tion.
Dissipation is viewed here as being implicitly rep-

resented in (10) through high-wavenumber transports
F6(m, v) rather than having an explicit (m, v) rep-6S i

resentation. Integrating over the vertical wavenumber
and frequency domains ( dv dm) and then summing` N# #0 f

the up–down spectra (E [ E1 1 E 2) returns
` N]E ]Etotal flux1 5 S (m, v) dv dmE E o]t ]z 0 f

N

2 F(m 5 `, v) dv, (12)E
f

in which no-flux boundary conditions [F(m 5 0, v) 5
0, G(m, v 5 f ) 5 0 and G(m, v 5 N) 5 0] have been
invoked. Here Etotal represents the total energy and Eflux
the total vertical energy flux. It has been assumed that
nonlinear interactions can be written as transports F(m,
v) and G(m, v). The energy transport at high wave-
number is interpreted as representing the rate of dissi-
pation of internal wave energy:

N

(1 2 R ) F(m 5 `, v) dv 5 e, (13)f E
f

in which the flux Richardson number (R f , R f ˘ 0.2)
expresses the partitioning of turbulent production into
potential energy fluxes and dissipation; see, for example,
Gregg (1987).

Transfers associated with resonant interactions have
an explicit ( 2 ) representation. Closures can be6 6S So i

developed that lead to expressions for the energy ex-
change among three waves of the form
]

SA(k ) 5 dk dk T d(k 2 k 2 k )3 EE 1 2 3 1 2]t

3 d(v 2 v 2 v )3 1 2

3 [A(k )A(k ) 2 A(k )A(k ) 2 A(k )A(k )]1 2 3 1 3 2

D1 2T d(k 2 k 1 k )d(v 2 v 1 v )3 1 2 3 1 2

3 [A(k )A(k ) 1 A(k )A(k )1 2 3 1

2 A(k )A(k )], (14)3 2

in which TS and TD are interaction matrices, ki is a 3D
wave vector, subscripts are used to distinguish the three
waves, and the d functions represent the resonance con-
ditions (Müller et al. 1986). Aside from concerns about
the formal validity of the assumptions required to pro-
duce (14), one can build little intuition from numerical
evaluation of (14). Any synthetic treatment that seeks
to understand how generation, propagation, nonlinear-
ity, wave breaking, and boundary conditions conspire
to shape the observed wave field pragmatically requires
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estimated that their breaking provides half the 2 ter-
rawatts (TW) necessary to maintain the thermohaline
circulation (e.g., Munk and Wunsch 1998; Egbert and
Ray 2001; Jayne and St. Laurent 2001).
The breaking of internal waves occurs on scales too

small to be resolved explicitly in ocean climate models.
Physically based parameterizations of the small-scale
mixing induced by internal waves, and in particular by
baroclinic tides, are crucial for realistic simulation of
the thermohaline circulation, transport and storage of
heat and carbon dioxide (e.g., Wunsch and Ferrari 2004;
Jayne 2009; Friedrich et al. 2011), centennial- tomillennial-
scale variability, and for estimating how mixing might
change in a changing ocean. Such parameterizations
need to incorporate current understanding of the trans-
fer of energy from barotropic to baroclinic tides, as well
as representing the less well understood processes by
which the internal tides break and dissipate (St. Laurent
and Garrett 2002). Traditionally, diapycnal mixing was
parameterized in ocean models by a constant diffusivity
or a horizontally uniform vertical profile of diffusivity (e.g.,
Bryan and Lewis 1979; Huang 1999). More recently, the
parameterization developed by St. Laurent et al. (2002)
has been commonly implemented in ocean models to
take into account the diapycnal mixing caused by dissi-
pation of internal tides near their generation site. In this
semiempirical, energetically constrained parameteriza-
tion, dissipation is bottom enhanced, as in the observa-
tions (Polzin et al. 1997; Ledwell et al. 2000). While the
energy flux into the baroclinic tide is based on the internal-
tide generation linear theory of Bell (1975), the subsequent
dissipation of this energy remains ad hoc, with an arbi-
trarily prescribed exponential vertical decay. The frac-
tion of energy dissipated locally is set uniformly to 1/3,
matching observations from a single location. Recently,
Polzin (2009) formulated a more dynamically based
parameterization of internal-tide driven mixing, based
on a radiation balance equation (Polzin 2004), which
links the dissipation profile associated with internal
breaking to the finescale internal wave shear producing
that dissipation. The vertical profile of internal-tide
driven energy dissipation can then vary in time and space,
and evolve in a changing climate.
Here, we examine the sensitivity of the ocean state to

the vertical profile of tidal energy dissipation by comparing
two simulations of a global ocean–ice–atmosphere coupled
model, employing the Polzin (2009) formulation and
St. Laurent et al. (2002) parameterization, respectively.
We focus mainly on the Pacific Ocean, where numerous
internal-tide generation sites are found, and where the
deep ocean is less prone to low-frequency variability
than the Atlantic Ocean, yielding a favorable signal to
noise ratio.

2. Tidally driven mixing parameterizations

a. St. Laurent et al. (2002) parameterization

In this parameterization, first implemented in an
ocean general circulation model (OGCM) by Simmons
et al. (2004) and subsequently by many others (e.g.,
Saenko andMerryfield 2005; Bessières et al. 2008; Jayne
2009), the turbulent dissipation rate of internal tide en-
ergy ! is expressed as

!5
qE(x, y)

r
F(z) , (1)

with r the density of seawater,E(x, y) the energy flux per
unit area transferred from barotropic to baroclinic tides,
q the fraction of internal-tide energy dissipated locally,
and F(z) the vertical structure of the dissipation.
The term E(x, y) is given by the Jayne and St. Laurent

(2001) formulation, based on a simple scale relation
consistent with a linear theory of internal-tide genera-
tion (Bell 1975):

E(x, y)5 (1/2)r0Nbkh
2hU2i , (2)

with the following parameters: r0 is the reference den-
sity of seawater,Nb is the buoyancy frequency along the
seafloor, k and h are the wavenumber and amplitude
scales for the topographic roughness, and hU2i is the
barotropic tide variance.
The term F(z) is specified to give exponential decay of

! above topography and unit integral over the whole
depth to satisfy energy conservation:

F(z)5
e2z/z

s

zs(12 e2H/z
s)
, (3)

with z the height above the seafloor, zs a constant decay
scale, and H the total ocean depth.

b. Polzin (2009) based parameterization

1) POLZIN’S FORMULATION

The parameterization of Polzin (2009) links the en-
ergy dissipation profile to the finescale internal wave
shear producing that dissipation, using an idealized
vertical wavenumber energy spectrum to identify ana-
lytic solutions to a radiation balance equation (Polzin
2004). These solutions yield a dissipation profile !(z):

!5
!0

[11 (z/zp)]
2
, (4)

where the magnitude !0 and scale height zp can be ex-
pressed in terms of the spectral amplitude and bandwidth
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The dynamics related to the production of internal waves
when steady flow encounters bottom bathymetry are well
known, and internal waves produced by steady flow over
topography are termed “lee waves”. The specific problem
of tidal flow over bathymetry has been considered in sev-
eral studies [Bell, 1975a, b; Baines, 1982; Sjöberg and Stige-
brandt, 1992]. The theory proposed by Bell [1975a] applies
to “subcritical” topography, where the topographic slope is
less steep than the ray trajectory of the radiated internal
tide. The other models address internal tides generated by
steeper “supercritical” topography, with the case of depth
discontinuities considered by Sjöberg and Stigebrandt [1992].
For the work presented here, a simple relation describing

the energy flux lost by the barotropic tide to internal waves
is sought. All models referred to above predict an energy
flux proportional to squared tidal velocity, though formula-
tions for subcritical and supercritical topography differ dras-
tically. The simplest scaling derived from subcritical theory
is:

Ef ∼
1
2
ρ0κh

2Nu2, (2)

for the energy flux per unit area, where N is the buoyancy
frequency and (κ, h) are the wavenumber and amplitude that
characterize the bathymetry. We emphasize that (2) is a
scale relation, and not a precise specification of internal tide
energy-flux. One of the vexing problems of including a pa-
rameterization for internal waves in a barotropic tide model
is that while internal waves are studied in the frequency do-
main, numerical modeling is generally performed in the time
domain. This makes a parameterization involving multiple
frequency constituents difficult to implement. We have ne-
glected a frequency dependence factor of ω−1(ω2−f2)1/2 in
(2), which becomes significant at latitudes where the tidal
frequency ω is close to the Coriolis frequency f . While prop-
agating internal tides occur equatorward of the turning lat-
itude where ω = f , bottom-trapped internal tides occur
at latitudes where ω < f . Thus, semidiurnal internal tides
are trapped poleward of 74.5◦, and diurnal internal tides are
trapped poleward of 30◦. The factor of 1/2 in (2) is retained
for aesthetic reasons, allowing us to draw a connection to the
“mountain drag” parameterization used in the meteorolog-
ical literature. It was found by Palmer et al. [1986] that
atmospheric general circulation models showed an improved
circulation pattern when the energy flux of waves produced
by winds blowing over orography was accounted for using a
relation identical to (2).
In the work presented here, the term “dissipation” refers

to the loss of barotropic-tidal energy to bottom friction, as
well as to the loss of energy to internal waves. In regions
of rough topography, taking horizontal scales of O(10 km)
and vertical scales of O(100–300 m) as typical of the rough-
ness, then an energy flux of O(1–10 mW m−2) is estimated
to be lost by the barotropic tide to internal waves. Ulti-
mately, internal-wave energy must truly dissipate as turbu-
lence. Wave radiation, however, may carry internal-tide en-
ergy to sites far from generation regions, as observed for the
internal tide generated at Hawaii [Ray and Mitchum, 1996].
This is particularly true of the waves with low vertical modes
that carry most of the energy. The extent to which internal
tides produce turbulence as they propagate away from their
generation sites is not clear, and is the subject of ongoing
work.

Implementation

The numerical model equations for the barotropic, shal-
low-water flow are modified to include the stress associated
with wave energy flux in a manner similar to Palmer et al.
[1986]. The momentum equations are:

∂U

∂t
− fV = −gH

∂

∂x
(η − η + ζl)− cd|u|u−

1
2
κh2Nu (3)

∂V

∂t
+ fU = −gH

∂

∂y
(η − η + ζl)− cd|u|v −

1
2
κh2Nv, (4)

where u = (u, v) is the horizontal velocity vector, and
(U, V ) = H(u, v) are the corresponding transport velocities.
The ocean depth is given by H , f is the Coriolis param-
eter, g is gravity, η is the free-surface elevation, η is the
equilibrium tidal forcing, and ζl is the self-attraction and
solid-earth load tide [Farrell, 1972; Hendershott, 1972]. The
barotropic model is a simple second-order, finite-difference
model of the linear shallow water equations, time-stepped
forward using the trapezoidal-leapfrog method [Killworth et
al., 1991]. It was configured on a 1/2◦ Mercator grid from
72◦S to 72◦N and forced with the 8 largest tidal constituents.
The drag on the barotropic flow is in two separate dissipa-
tion terms, given by dividing relations (1) and (2) by ve-
locity. The drag of bottom friction is represented by cd|u|u.
The second term, (1/2)κh2Nu, is the parameterization used
to represent the drag from internal-wave generation. This
is not a proper expression of internal-tide stress. Instead,
(1/2)κh2Nu is better thought of as “Rayleigh” drag, which
crudely represents the drag of internal tides over subcriti-
cal topography. In regions of supercritical topography, this
parameterization still provides drag, though its relation to
internal-tide drag is questionable.
The parameterization is only used in water depths greater

than 100 m, and the required values of N , κ, and h2,
are set as follows: The buoyancy frequency, N , as a func-
tion of longitude, latitude and bottom depth is computed
from the Levitus et al. [1994] database. The bottom rough-
ness, h2, is computed from the Smith and Sandwell [1997]
1/30◦ ocean topography database. Over each grid cell, a
polynomial sloping surface is fit to the bottom topogra-
phy (given by H = a + bx + cy + dxy), and the residual
heights are used to compute h2, the mean-square bottom
roughness averaged over the grid cell. In the gravity wave
stress-parameterization used in atmospheric models, κ, the
wavenumber of topographic roughness, is generally set to be
spatially constant. In this study, we treat κ as a spatially-
constant free parameter, whose value is adjusted to minimize
the difference between the modeled tides and the observed
tides. We find κ ≃ (2π/(10 km)) is optimal. In principle,
however, κ could be calculated directly from the topogra-
phy, and be different for the u and v directions, allowing for
the anisotropy of bottom topography associated with ridges
and faults.

Results

To assess the impact of including the parameterization of
internal wave energy-flux on a tidal simulation, the modeled
tides were compared to the observed tide [UT-CSR, version
4 by Eanes and Bettadpur, 1995]. The comparison is the
areally weighted root-mean-square (RMS) difference com-
puted over the deep ocean (defined as water depths greater
than 1000 m). It is readily observable in Table 1, that the

wave wave interactions
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Figure 5. Seasonally averaged maps of energy flux from

the wind into near-inertial mixed-layer motions for the year

1997. Variability in mixed-layer depth is included by sea-

sonally averaging the Levitus climatology.

and the model gives zero currents. A few (< 1%) seasonally-

averaged values are < 0 (loss of energy to the atmosphere),

but all of these have magnitudes less than 0.1 mWm−2, and

so are also plotted in blue. The rough land edges reflect the

2.5◦ grid spacing.

The largest inputs occur from 30-50◦N during northern

hemispheric fall/winter, in bands across the western North

Atlantic and Pacific, associated with northern midlatitude

storms. Large fluxes also occur at 30-50◦S during southern

winter, particularly in the Indian Ocean.

Broad minima span the central and eastern portions of

each basin. Interestingly, D’Asaro’s [1985] eastern Pacific

analysis was conducted in a relatively low-flux region. He

obtained higher values in the eastern Atlantic, consistent

with this general picture.

Spatial maps of the inertial component of the wind would

produce identical patterns. These differ substantially from

maps of wind speed (or, for example, maps of ρu3
∗). For

example, the strong easterly trade winds produce very lit-

tle near-inertial energy flux. These differences underscore
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Figure 6. (a,c) The monthly mean flux is

plotted for each year 1996-1999 (thin lines,

solid=1996,dashed=1997,dashdot=1998,dotted=1999),

and for the 4-year mean (heavy line). Black lines are from

37.5◦ N, and gray lines are from 37.5◦ S. (a) The flux

without mixed-layer-depth correction, Π(50 m). (b) The

monthly mean, zonally averaged Levitus and Boyer [1994]

mixed layer depth, < H >, at 37.5◦ N (black) and 37.5 S

(gray). (c) Mixed-layer-depth corrected flux, Π(H).

the importance of the inertial component of the wind fields,

rather than their overall magnitude, in generating near-inertial

motions.

4.2. Seasonal Cycle

The seasonal cycle is examined by computing the zonal

average across the bands 37.5◦N and 37.5◦S. Examining the

cycle of Π(50 m) (Figure 6a), a strong maximum is seen near

December/January in the northern hemisphere (in agreement

with D’Asaro [1985]), and near June in the southern hemi-

sphere. This pattern is consistent with primary forcing by

winter storms.

The zonally averaged mixed-layer depth (Figure 6b) is

deepest during winter. Its incorporation into the flux corre-

spondingly weakens the seasonal cycle of Π(< H >) rela-

tive to Π(50 m), and shifts the peaks towards October in the

northern hemisphere, also as seen by D’Asaro [1985]. Sea-

sonal cycles are still present in both hemispheres, however,

with maxima resulting as a combination of large fluxes and

a thin mixed-layer.

- low mode
- estimate from observations 
- explicitly resolve in GCM (?)

Sources

(1)

(4)

(9)

Wave propagation
through resolved mesoscale

Wave breaking
(small scales)

Spectral flux
(down-scale)

Et(k⃗, x⃗, t) = So(k) −∇x · (Cg E) −∇k · F (k) − Si(k)

}

..............................................................

Reduced mixing from the breaking of
internalwaves in equatorialwaters
MichaelC.Gregg,Thomas B.Sanford & David P.Winkel

Applied Physics Laboratory, College of Fishery and Ocean Sciences, University of
Washington, Seattle, Washington 98105, USA
.............................................................................................................................................................................

In the oceans, heat, salt and nutrients are redistributed much
more easily within water masses of uniform density than across
surfaces separating waters of different densities.But the magni-
tude and distribution of mixing across density surfaces are also
important for the Earth’s climate as well as the concentrations of
organisms1.Most of this mixing occurs where internal waves
break, overturning the density stratification of the ocean and
creating patches of turbulence.Predictions of the rate at which
internal waves dissipate2,3 were confirmed earlier at mid-
latitudes4,5.Here we present observations of temperature and
velocity fluctuations in the Pacific and Atlantic oceans between
428N and 28 S to extend that result to equatorial regions.We find
a strong latitude dependence of dissipation in accordance with
the predictions3.In our observations, dissipation rates and
accompanying mixing across density surfaces near the Equator
are less than 10% of those at mid-latitudes for a similar back-
ground of internal waves.Reduced mixing close to the Equator
will have to be taken into account in numerical simulations of
ocean dynamics—for example, in climate change experiments.

Internal waves are generated in the ocean when its stratification is
disturbed. Unlike surface waves, which propagate horizontally
because they are confined to the air–sea interface, internal waves
propagate vertically as well as horizontally, making flow disturb-
ances at the surface or bottom felt in the interior. Garrett andMunk6

and Munk7 modelled internal waves in terms of a wavenumber–
frequency spectrum; they assumed that the wave field is constant in

time, and results from the superposition of many uncorrelated
waves having frequencies between the buoyancy frequency N,
determined by the stratification, and the Coriolis frequency, f ¼
2QEarth sinðvÞ; where QEarth is the Earth’s rotation rate and v is the
latitude. The Garrett and Munk (GM) frequency spectrum is ‘red’,
with most of the energy very close to f. Integrating components of
the GM energy spectrum over the entire range of frequency and
wavenumber yields average characteristics of the wave field, such as
the net vertical displacement z and horizontal wave speed u.
Subsequent observations show that the GM model represents the
background state of the internal wave field, but some situations are
significantly more energetic.
Numerical simulations of energy transfer by interactions within

the internal wave field show a net flux towards small spatial scales
that increases the shear variance (›u/›z)2 until it overcomes the
stratification and the waves break2,3. When the wave field is
statistically steady, or varies slowly in time, the rate at which wave
breaking dissipates energy approximately equals the rate at which
the energy is transferred from large to small scales. This equivalence
allows the dissipation rate 1 to be expressed in terms of internal
wave parameters. To check their numerical simulations, Henyey,
Wright and Flatte3 formulated an analytic model based on the
Doppler shifting of evolving test waves by a background wave field.
The Doppler shifting produces a net energy flux toward smaller
scales—that is, higher wavenumbers—and ultimate breaking. The
functional dependence of 1 (which is expressed in units of Wkg21)
associated with this flux is the product of two terms:

1¼ 1308 N;FshearðmÞ;FstrainðmÞ
! "

£ Lðv;NÞ ð1Þ

The first term, 1 at the 308GMmodel reference latitude, depends
on stratification (via N) and on internal wave characteristics (in
terms of spectra of vertical shear, F shear(m), and of vertical strain,
F strain(m), wherem is the vertical wavenumber in cycles per metre).
Strain fluctuations are variations of the vertical separations between
density surfaces, that is, fluctuations of ›z/›z. Previous measure-
ments4 verified the shear andN dependence in 1308, and subsequent
observations5 and numerical simulations8 confirmed the strain
dependence. The second term contains the latitude (v) dependence:

Lðv;NÞ¼ f cosh21ðN=fÞ
f 308 cosh21ðN0=f 308Þ

ð2Þ

Figure 1 Reduction of dissipation rates produced by breaking internal waves near the
Equator. The predicted latitude effect L is unity at 308 because the standard internal wave

spectrum,Garrett and Munk6,and the calculations based on it are referenced to that

latitude. Ratios of average 1observed to 1308 are plotted as short horizontal bars,and upper

and lower 95% confidence limits are shown by extents of the vertical lines. Multiple values

at the same latitude v come from different depths or locations. The shaded curve gives the

predicted L(v,N ) for the range of N encountered. Because the N dependence is weak,the

height of the shaded band is small. Upper and lower solid lines are twice and one-half the

prediction,and approximately bound the scatter in the data. In spite of the scatter,the

observations confirm the predicted sharp cut-off of dissipation at low latitude.

Figure 2 Diapycnal diffusivities. Kr was calculated using observed dissipation rates 1 and
stratification N 2 in equation (2). The horizontal reference line is the value of Kr at 308

latitude when internal waves are at the level of the Garrett and Munk spectrum. Owing to

the latitude effect on 1 produced by internal waves,intense internal waves observed near

the Equator produced only modest Kr. For reference,the molecular diffusivity of heat in

water is 1.4 £ 1027 m2 s21.
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Parameterize unresolved dissipation rate as rate 
of down-scale energy transfer to IW continuum

Internal wave induced mixing: The prognostic version
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Figure 1. Dissipation rate ! (W kg!1) estimated from over five years (2006 –2011) of Argo data. Estimates from high ver-
tical resolution data centered between (a) 250–500 m, (b) 500–1,000 m, and (c) 1,000–2,000 m are averaged over 1.5" square
bins and plotted if they contain more than three dissipation rate estimates. The underlying bathymetry is from the Smith and
Sandwell dataset [Smith and Sandwell, 1997] version 14.1.

Figure 2. Averaged diffusivity k (m2 s!1). Otherwise identical to Figure 1.
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Internal wave induced mixing: The diagnostic version



Discussion. What’s wrong with this too-perfect seeming story? 
(hint: many things) 

“With three parameters I can fit an elephant” 
-Lord Kelvin





Energy Transfer from High-Shear, Low-Frequency Internal Waves
to High-Frequency Waves near Kaena Ridge, Hawaii

OLIVER M. SUN AND ROBERT PINKEL

Marine Physical Laboratory, Scripps Institution of Oceanography, La Jolla, California

(Manuscript received 17 June 2011, in final form 23 March 2012)

ABSTRACT

Evidence is presented for the transfer of energy from low-frequency inertial–diurnal internal waves to high-
frequencywaves in the band between 6 cpd and the buoyancy frequency. This transfer links themost energetic
waves in the spectrum, those receiving energy directly from the winds, barotropic tides, and parametric
subharmonic instability, with those most directly involved in the breaking process. Transfer estimates are
based on month-long records of ocean velocity and temperature obtained continuously over 80–800 m from
the research platform (R/P) Floating Instrument Platform (FLIP) in the Hawaii Ocean Mixing Experiment
(HOME) Nearfield (2002) and Farfield (2001) experiments, in Hawaiian waters. Triple correlations between
low-frequency vertical shears and high-frequency Reynolds stresses, huiw›Ui/›zi, are used to estimate energy
transfers. These are supported by bispectral analysis, which show significant energy transfers to pairs of waves
with nearly identical frequency. Wavenumber bispectra indicate that the vertical scales of the high-frequency
waves are unequal, with one wave of comparable scale to that of the low-frequency parent and the other of
much longer scale. The scales of the high-frequency waves contrast with the classical pictures of induced
diffusion and elastic scattering interactions and violates the scale-separation assumption of eikonal models
of interaction. The possibility that the observed waves are Doppler shifted from intrinsic frequencies near f
or N is explored. Peak transfer rates in the Nearfield, an energetic tidal conversion site, are on the order of
23 1027 W kg21 and are of similar magnitude to estimates of turbulent dissipation that were made near the
ridge during HOME. Transfer rates in the Farfield are found to be about half the Nearfield values.

1. Introduction

Internal wave energy and shear in the oceans are
concentrated near the low-frequency, inertial end of
the spectrum. Evidence for the direct breaking of these
energetic low-frequency waves is limited. Klymak et al.
(2008) have observed the convective instability of the
semidiurnal baroclinic tide immediately above its gen-
eration site at Kaena Ridge, Hawaii. Alford and Gregg
(2001) describe the dissipation of a low-latitude inertial
wave by Kelvin–Helmholtz instability. In general, it is
thought that energy is first transferred from low to
higher-frequency internal waves and that these waves
subsequently break (e.g., Alford and Pinkel 2000a,b).
Resonant interaction theory, beginning with Phillips

(1960) and developed by Hasselmann (1962), Benney
and Saffman (1966), McComas and Bretherton (1977),
McComas and Müller (1981), Müller et al. (1986), and

many others, predicts energy transfers between triads
of internal waves with wave vectors (k1, k2, k3) and
frequencies (v1, v2, v3), which together satisfy the res-
onance conditions

k1 1 k2 1 k3 5 0 and (1)

v1 1 v2 1 v3 5 0: (2)

Each wave also approximately satisfies the linear dis-
persion relationship

v2 5
f 2m2 1 N2(k2 1 l2)

k2 1 l2 1 m2
, k 5 (k, l,m), (3)

where N is the Brunt–Väisälä frequency and f is the
inertial frequency.
Evaluations of energy transfer rates within a Garrett–

Munk (GM) spectrum (Munk 1981) found that scale-
separated interactions are likely to be important because
of the wavenumber slope of the spectrum. Three limit-
ing cases of scale separation were identified by McComas
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“downscale flux of energy” 
picture seems inconsistent with 
triads being very non-local, does 

that matter? 

1

2

›

›t
ku9k2

! "
1 u9 ! ›U

›t

! "
1 hu9 ! [(U1 u9) ! $(U1 u9)]i

5 2u9 ! 1
r0
[$( ~p 1 p 9) 1 g(~r 1 r9)k̂]

! "
, (9)

where ku9k 2 5 u9 ! u9 is the Euclidean norm.
Assuming a statistically steady state and no overlap

in frequency betweenU and u, the correlation between a
low-frequency and a high-frequency quantity must vanish,

u9 ! ›U
›t

! "
5 0, h$~p ! u9i5 0, h~rw9i5 0. (10)

Next we expand the triple correlations, keeping only qua-
dratic terms in the primed (high-frequency) quantities,

hu9 ! [(U 1 u9) ! $(U 1 u9)]i
5 hu9 ! (U ! $U)i1 hu9 ! (U ! $u9)i1 hu9 ! (u9 ! $U)i.

(11)

Thefirst correlationon the right-hand side, hu9 ! (U ! $U)i,
is formed by the product of one high-frequency and two
low-frequency quantities. Triads interactions between
these frequencies include PSI, particularly PSI involving
semidiurnal tides and pairs of near-diurnal subharmonics.
Such an interaction in HOME Nearfield is the subject
of a companion paper (Sun and Pinkel 2012, manuscript
submitted to J. Phys. Oceanogr.) and will not be ad-
dressed here. In this analysis, we avoid the influence of
PSI by requiring a frequency gap of at least one octave
between the low- and high-frequency fields. Any pair of
low-frequency waves would be frequency resonant with
a third wave whose frequency is too low to be found in the
high-frequency field. The triple correlation hu9 ! (U ! $U)i
is thus zero. The second term, hu9 ! (U ! $u9)i5
U ! $(1/2)u92, represents the advection of high-frequency
kinetic energy by the low-frequency motions, which, un-
like in the wave–mean flow problem, are assumed to be
oscillatory, so that the net advection is zero. The re-
maining term, hu9 ! (u9 ! $U)i5 hu 9iu 9j›Ui/›xji, is the tri-
ple correlation of interest that appears in (6).
Thus, using (10) and retaining the nonzero triple cor-

relation in (11), the time-averaged energy equation (9)
becomes

›

›t

1

2
ku9k2

! "
1 hu9 ! (u9 ! $U)i

5 2
1

r0
$ ! ( p 9u9)

! "
2

g

r0
r9w9

! "
. (12)

The first and last terms have the familiar forms of the
time derivatives of averaged kinetic and potential en-
ergy densities,

›hE9k i
›t

5
›

›t

1

2
ku9k2

! "
,

›hE9p i
›t

5
1

r0
hgr9w9i, (13)

whose sum we define as the total averaged energy
density,

hE9i 5 hE9k i 1 hE9p i. (14)

Thus, using index notation for the triple correlation, (12)
can be expressed as

›hE9i
›t

5 2 u 9iu 9j
›Ui

›xj

* +

2
1

r0
$ ! h p 9u9i, (15)

which represents an energy balance between the high-
frequency source 2u 9iu 9j›Ui/›xj and the divergence of
energy flux due to high-frequency waves. For u9 com-
posed of a high-frequency wave packet with energy
density E9 and group velocity c9g, the energy flux is

1

r0
( p 9u9Þ 5 c9gE9, (16)

so that (15) has the interpretation

›hE9i
›t

1 $ ! c9ghE9i5 2 u 9iu 9j
›Ui

›xj

* +

, (17)

in which h2u 9iu 9j›Ui/›xji balances the change in average
energy hE9i in a frame moving with the group velocity.
Generally, the low-frequency vertical shears are

thought to dominate over the horizontal shears. Un-
fortunately, we have no direct way of evaluating the
correlations h2w9u 9i›W/›xii involving horizontal stresses
and horizontal velocity gradients. Horizontal homogeneity
of the internal wave field is sometimes invoked to justify
dropping the horizontal stress–shear terms (Gargett and
Holloway 1984), but here such an assumption may be
problematic because the wave field in the Nearfield is
characterized by horizontally inhomogeneous features
such as tidal beams. Keeping these difficulties in mind,
we proceed by retaining only the correlations involv-
ing low-frequency vertical shears and assign them the
symbol

«* 5 2 u 9iw9
›Ui

›z

! "
, i 5 1, 2, (18)

to emphasize the analogy between our high-frequency
source term and the turbulent shear production term.
An associated correlation coefficient r*, whichmeasures

the relative coupling between the waves contributing to
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Shallow water is different



Is the spectrum a myth?
38

Figure 2 a. A wavenumber-frequency spectrum of Arctic Ocean shear estimated from the

SHEBA Doppler sonar. The white rectangle indicates the smoothing used to achieve 150

degrees of freedom. The left quadrants of the spectrum correspond to anti-cyclonic

rotation in time. The lower left and upper right quadrants represent upward phase

propagation, which for the internal wave component of the shear implies downward

energy propagation.

b. The associated normalized spectrum N(!z, ")=E(!z, ")/ ! E(!z, ") d".  First

(white) and second (black) spectral moments are indicated. Color contours mimic a

“hourglass” pattern.

c. The Garrett and Munk 1975, spectrum of (internal wave) shear fails to capture

the essential structure of the observations. In a N frame (vs the present Eulerian frame)

the disagreement would be much less striking.

d. Modeled Log10 Shear spectral density for August arctic record, contoured vs.

linear wavenumber and observed frequency. The contour interval is 5 db. The model

gives the shear variance distribution that results when line spectra at intrinsic inertial and

vortical (zero) frequency are broadened by Doppler shifting. The modeled spectrum is
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currents, lateral advective effects are comparable in magnitude to those resulting from

vertical advection.

We are challenged to make measurements that are “uncontaminated” by advective

effects1  and / or to quantify the effects found in our real-world observations. In an effort

toward the latter goal, it is attractive to imagine an “N frame” populated only by near

inertial and tidal baroclinic waves and by small-scale quasi-geostrophic (vortical)

motions. The near inertial and vortical motions provide all of the shear variance but have

little vertical displacement. The tidal motions have the vertical displacement but supply

negligible shear. Starting with this simple motion field, the goal is to predict its spectral

signature in s-L and Eulerian frames.

Real-world observations depart from the “N-frame” ideal through advective

effects, which appear as phase distortions of the signal of interest: ie

sEul = s0 exp(i k*x + k*(V t) - ! t) 1)

There are four cases to consider:

Small vs large phase distortion     (! | k * V | dt > / < ")

Stochastic vs deterministic distortion velocity, V

 The models introduced here relate the probability density function and / or the

spectrum of the advecting velocity field, V, to the spectrum of the observed quantity. The

approach follows a path suggested by Papoulis, 1984. The focus is on the temporal

autocovariance function, R(#), which, for a line spectral process (in the N-frame), takes

the form

R
N 

(#)=<s2> exp(i ! #).

When this motion field is observed in a realizable frame, advective effects modify the

correlation function in a multiplicative fashion:

                                                  
1 Would a totally Lagrangian measurement be truly “optimal”?  Consider a vertical stack of shear-

measuring Lagrangian floats released at some time t0 and followed for a subsequent month. During this

period, the floats would diverge laterally by many kilometers. They would not provide as cohesive a picture

of the shear field as do these “contaminated” s-L observations.

Doppler shifting makes for broadened 
frequency band at higher wavenumbers. 
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Perhaps the internal-wave continuum is 
in the eye of the beholder, at least the 
high-wavenumber part where all the 

shear lives. 

Intrinsic  shear only at inertial and vortical (f=0) 
frequencies,  advected by horizontal currents

Advection, Phase Distortion, and the Frequency Spectrum of Finescale Fields in the Sea

ROBERT PINKEL

Marine Physical Laboratory, Scripps Institution of Oceanography, La Jolla, California

(Manuscript received 10 February 2006, in final form 13 March 2007)

ABSTRACT

Continuous depth–time measurements of upper-ocean velocity are used to estimate the wavenumber–
frequency spectrum of shear. A fundamental characteristic of these spectra is that the frequency bandwidth
increases linearly with increasing wavenumber magnitude. This can be interpreted as the signature of
Doppler shifting of the observations by time-changing “background” currents as well as by instrument
motion. Here, the hypothesis is posed that the apparently continuous wavenumber–frequency spectrum of
oceanic shear results from the advective “smearing” of discrete spectral lines. In the Arctic Ocean, lines at
the inertial (! " #f ) and vortical (! " 0) frequencies (where f is the Coriolis frequency) account for most
of the variance in the shear spectrum. In the tropical ocean, two classes of inertial waves are considered,
accounting for 70% of the observed shear variance. A simple model is introduced to quantify the effects of
lateral advection, random vertical advection (“fine-structure contamination”), and deterministic (tidal)
vertical advection on these “otherwise monochromatic” records. Model frequency spectra are developed in
terms of the probability density and/or spectrum of the advecting fields for general but idealized situations.
The model successfully mimics the increasing frequency bandwidth of the shear spectrum with increasing
vertical wavenumber. Excellent fits to the observed frequency spectrum of shear are obtained for the Arctic
(weak advection and short-spatial-scale inertial waves) and low-latitude (strong advection and long and
short inertial waves) observations. While successfully replicating the wavenumber–frequency spectrum of
shear, the model does not even consider motion at scales greater than $250 m, the “energy containing”
scales of the internal wave field. To a first approximation, the waves with the majority of the kinetic and
potential energy constitute a population apart from those with the momentum, shear, and strain.

1. Introduction

In this work, the effect of advection on the frequency
spectrum of observations is explored through a series of
simple models. The goal is to modernize and unify ex-
isting recipes for “fine-structure contamination” (Phil-
lips 1971; Garrett and Munk 1971; McKean 1974) and
then to reexamine the apparently continuous frequency
spectrum of internal wave and subinertial finescale
fields. The effort proceeds in the spirit of Holloway
(1981), who emphasized that small-scale internal waves
and quasigeostrophic structures share the same wave-
number–frequency domain, given the expected magni-
tude of “Doppler smearing” in the sea. Such smearing
cannot, in general, be unscrambled, but the task is much
easier if the spectrum consists of a few discrete lines. To

what extent does a line or narrowband process yield a
continuous frequency spectrum when viewed in an Eu-
lerian frame?

This effort complements a recent thrust in atmo-
spheric research, in which both dynamic (Hines 1991;
Chunchuzov 1996, 2002) and kinematic (Eckermann
1999; Sica and Russell 1999; Klaassen and Sonmor
2006) efforts to model the vertical wavenumber spec-
trum of horizontal velocity have been developed. Here,
the frequency spectrum associated with any given
wavenumber spectrum is modeled using a purely statis-
tical approach.

To quantify the effects of advection, it is attractive to
begin in a frame in which linear motions produce sinu-
soidal signals in motion or tracer fields. For a continu-
ous wavenumber spectrum of energetic internal waves,
no single “ideal” observing frame exists, although some
are clearly better than others (e.g., Andrews and McIn-
tyre 1978). Here, this sensitive issue is sidestepped. The
model posits the existence of a “nonexistent frame” N
in which measured velocities and tracer trajectories
evolve sinusoidally in space–time. A sequence of dis-
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Ratio of up to down going shear (most of 
which is inertial) in the world

[Waterhouse, Hennon, Pinkel,… in prep]

Hmmm….
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ABSTRACT

Simultaneous full-depth microstructure measurements of turbulence and finestructure measurements of
velocity and density are analyzed to investigate the relationship between turbulence and the internal wave
field in the Antarctic Circumpolar Current. These data reveal a systematic near-bottom overprediction of the
turbulent kinetic energy dissipation rate by finescale parameterization methods in select locations. Sites of
near-bottom overprediction are typically characterized by large near-bottom flow speeds and elevated to-
pographic roughness. Further, lower-than-average shear-to-strain ratios indicative of a less near-inertial wave
field, rotary spectra suggesting a predominance of upward internal wave energy propagation, and enhanced
narrowband variance at vertical wavelengths on the order of 100m are found at these locations. Finally,
finescale overprediction is typically associated with elevated Froude numbers based on the near-bottom
shear of the background flow, and a background flow with a systematic backing tendency. Agreement of
microstructure- and finestructure-based estimateswithin the expected uncertainty of the parameterization away
from these special sites, the reproducibility of the overprediction signal across various parameterization im-
plementations, and an absence of indications of atypical instrument noise at sites of parameterization
overprediction, all suggest that physics not encapsulated by the parameterization play a role in the fate of
bottom-generated waves at these locations. Several plausible underpinning mechanisms based on the
limited available evidence are discussed that offer guidance for future studies.

1. Introduction

Recent studies report on the microstructure obser-
vations of the turbulent kinetic energy dissipation rate
! and finestructure observations of internal wave–scale
flow properties across different regimes of the Antarctic
Circumpolar Current (ACC) collected as part of the

SouthernOcean Finestructure (SOFine) and theDiapycnal
and IsopycnalMixing Experiment in the SouthernOcean
(DIMES) campaigns (Waterman et al. 2013; Sheen et al.
2013). These observations allow the first direct studies of
the relationship between turbulence and the internal
wave field in the deep ACC and have provided evidence
of enhanced near-bottom turbulent dissipation in as-
sociation with strong near-bottom flows, rough topog-
raphy, and regions where the internal wave field is
found to have enhanced energy, less inertial frequency
content, and a dominance of upward-propagating en-
ergy. As such, the data provide strong support for the
view that deep turbulent dissipation and mixing in
the Southern Ocean are primarily underpinned by the
breaking of internal waves generated as deep-reaching
geostrophic flows impinge on rough seafloor topography,
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Answer…? lee waves propagating into mean flow…? 
 


