
Second assignment SIO212C, 2019

Hand-in for the lecture on the 14th of February

1 Some homework problems

The horizontal deformation flow

(i) Find the solution of the 2d advection equation

ct − αxcx + αycy = 0 , (1)

with the initial condition

c(x, y, 0) = c∗ tanh

(

x sinχ− y cosχ

ℓ0

)

. (2)

The initial condition is a front of thickness ℓ0 tilted at an angle χ to the x-axis. (ii) Describe the
solution in twenty or thirty words: how does the orientation of the front change with time? Discuss
the limit as t→ ∞. (iii) Suppose now that κ 6= 0, so that

ct − αxcx + αycy = κ(cxx + cyy) . (3)

The initial condition has ℓ0 ≫ ℓκ
def
=

√

κ/α. Discuss the effects of non-zero κ: when does κ first
become important, and how is κ = 0 solution in part (ii) altered? In considering this question
pay attention to the effects of χ: how does tκ depend depend on χ? (iv) Assuming that χ 6= 0,
and making some plausible assumptions, find the ultimate t→ ∞ steady solution of the advection-
diffusion equation with the initial condition above.

Optional: the method of moments

Use the method of moments to solve

ct + βycx = κ(cxx + cyy) , (4)

with the Gaussian initial condition

c0(x, y) =
A

2πℓ2
0

exp

(

−
x2 + y2

2ℓ2
0

)

. (5)
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Figure 1: Solution of Stone’s problem.

Optional: Front formation by sharpening an initially uniform gradient

Solve the advection equation

ct + J(v∗x sin ly, c) = 0 , with initial condition c(x, y, 0) = y . (6)

Plot the solution at selected times: see figure 1. This example from Stone (1966) shows a smooth
passive-scale ramp being sharpened into a staircase by a simple incompressible velocity field.

Notation: J( , ) denotes the “Jacobian”:

J(ψ, c) = ψxcy − ψycx = ucx + vcy . (7)
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